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1 Introduction

Although several notable introductory texts on Astrophysics are currently available, most
of them lack solutions, or even answers to the problem sets they contain; and some do
not even contain problem sets. Where solution sets are available, they are almost always
available only to the professor teaching the course – the only person in the classroom
who does not need them! (If the professor does require a solution set, then he or she
should probably not be teaching the course.) For students like me, who learn best by
problem solving and experimentation, texts without solution sets are virtually useless.
What is the point of working through a problem without being able to find out whether
or not the problem has been worked correctly?

In the current text, I suggest a method by which a problem-and-solution approach may
be combined with an explicative text on Stellar Astrophysics. This text is in the form of
an outline and is not intended to be a complete course in Stellar Astrophysics but can
be used to accompany any of the standard textbooks at the upper-undergraduate and
beginning graduate level. A knowledge of basic university mathematics and physics is
assumed.

The purpose of this text is to introduce the basic principles of Stellar Astrophysics
through computation. For the most part, this is done by means of Maple R©1 and
Mathematica R©2 problem sheets, which are included in separate files accompanying this
text. Students who do not have access to either of the computer algebra programs
mentioned here may download readers, free of charge, from the respective software web-
site.

In the text, each principle is introduced and explained, whereupon one or more problems
with solutions are given in problem sheet format. The examples are constructed in such
a way as to enable the user to replace the given data with his/her data of choice. In
this way, calculations based on data from a given astrophysical object may easily be
adapted to data from a different object. The level of difficulty of each problem sheet is
indicated as follows: * (basic), ** (intermediate), or *** (advanced). The text is divided
into sections and subsections as shown in the Table of Contents, above.

The problem sheets were constructed in Maple R©17 and Mathematica R© 9 Home Edi-
tion. Click on the appropriate link at the end of each problem statement to open the

1MapleR© is a product of MaplesoftR©, a division of Waterloo Maple, Inc., 615 Kumpf Drive, Waterloo,
ON, Canada, N2V 1K8. 1-800-267-6583. info@maplesoft.com.

2MathematicaR© is a product of Wolfram ResearchR©, 100 Trade Center Drive, Champaign, IL 61820-
7237, USA +1-800-WOLFRAM.
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problem/solution file. Both Standard Units (SI) and cgs units are used. Tables of as-
tronomical and physical data, formulas, definitions, and abbreviations are given in the
Appendix, along with a table of data comprising the Standard Solar Model, and an
outline of the evolution of the Universe.

Advanced students may wish to skip over sections containing information that they
have mastered. Such students may be able to solve some or all of the problems without
referring to the problem sheets, other than to look up the relevant data given there.
They may check their workings and answers with those given in the problem sheets.
Other students may wish to avail themselves of the hints and equations presented at the
beginning of each problem sheet. In some cases, these may be sufficient to enable the
student to work out the solution to the problem. In any case, complete solutions are
given in each problem sheet. Each problem sheet follows the format: Title, Problem
Statement, Hints, Relevant Data, Useful Equations, and Solution.

I have made no attempt to provide the most elegant solutions in the problem sets,
and readers may find better approaches and solutions. If that is the case, I would be
grateful to receive such information at robleerose@yahoo.ca. I would also be grateful
to receive corrections and additions to the text. I hope that this text can serve as a
basis for a greatly expanded text on Stellar Astrophysics that can be offered free of
charge, electronically, to students of this subject, wherever they might be in the world. I
would envisage such an expanded text to have chapters or sections by various authors –
graduate students, post-doctoral students, and professors – whose names and affiliations
would be attached to the sections they provide.

I have made every effort to provide references for all information taken from other
sources. If a reference is found to be inaccurate or lacking, I would be grateful to receive
this information at robleerose@yahoo.ca so that I can promptly make a correction. This
text is to be provided free of charge to interested students. Cited material from any one
source has been severely limited in keeping with fair use for educational purposes, as
defined by international copyright law.
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2 Electromagnetic Radiation

Most of the information that comes to us from stars is in the form of electromagnetic
radiation. According to Quantum Physics, the unit of electromagnetic radiation, the
photon, has both wave and particle properties, and this is also true of the constituents
of matter.

2.1 Specific intensity, luminosity and flux density

Specific intensity (Iν) is defined as the energy carried by a specific amount of radiation
per unit area, per unit time, per solid angle (Ω), per frequency (ν).

dE = Iν cos(θ) dA dt dΩ dν (1)

The energy per unit time radiated by a luminous object, such as a star, is called its
luminosity; and its luminous flux (also called flux density) is the amount of lumi-
nosity per unit area. The relationship between these concepts is given in the following
formula:

F =
L

4πr2
(2)

where L is the luminosity in watts, F is the flux in watts/m2, and r is the distance to
the luminous object in metres. Luminous flux may also be calculated as a function of
temperature:

F = σT 4 (3)

gives the flux density, and the total luminous flux is

L = 4πr2σT 4 (4)

The magnitude of a star (MB) (see Section 2.2) may be calculated as the ratio of
fluxes:

MB = −2.5 log10

(
fB (star

fB (MB = 0)

)
(5)
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Problem 1 (**): Calculate (A) the solar constant, (B) the flux density of
the Sun through a Johnson B filter, and (C) the flux and temperature of the
Sun. Data (Cox 2000): fB(mB = 0) = 4063 × 10−26 W m−1 Hz−1 (Johnson B-band
filter zero point), λB, eff = 0.438×10−6 m (central wavelength of the Johnson B-
band), MB = −26.0 (Absolute B-band magnitude of the Sun). See problem sheet:
”luminousflux”.

Luminous flux may also be understood as the integral over a solid angle of the specific
intensity at a given wavelength, given here in spherical coordinates:

∫ π

0

∫ 2π

0
Iν cosθ sinθ dθ dν. (6)

Taken over all wavelengths, this may be written as

∫
Ω
I cosθ dΩ. ≈ I Ω (7)

where the solid angle, Ω, is

Ω =
π

4
((semi−major axis)× (semi−minor axis)) (8)

The ratio of the solid angles subtended by two extended objects can be used to calculate
the difference in magnitude between the two objects. The formula for the brightness
(flux) ratio is

BR = 100
M1−M2

5

(
Ω1

Ω2

)
(9)

Problem 2 (*): Calculate the ratio of the fluxes of the Andromeda galaxy
(M31) and NGC 5236 (M83). For the Andromeda galaxy, the absolute magnitude
is -21.5; the major axis is 190.5’; and the ratio of the minor axis to the major
axis is 0.32. For M83, the absolute magnitude is -20.31; the major axis is 12.9’;
and the ratio of the minor axis to the major axis is 0.89. See problem sheet
”galaxyfluxes”.

Although the photon has no rest mass, it does have relativistic mass, which results in
momentum and radiation pressure. This pressure, in theory at least, can be used to
propel space vehicles in the inner Solar System, where the Sun’s rays are powerful. Such
a device is known as a ”solar sail”. For total absorption, the light pressure formula
is

8



P =
f

c
cos2 θ (10)

where f is the flux, c is light speed, and θ is the angle of incidence. For total reflection,
the formula is

P =
2f

c
cos2 θ (11)

It is clear that, for small θ, total reflection leads to greater radiative pressure than does
total absorption. The total force of light plus gravity on a solar sail may be written
as

Fl + Fg =
1

2

R2L

cr2
− G Msun ×msail

r2
(12)

where R is the distance from the Sun; L is the luminosity; c is the speed of light; r is
the astronomical unit; G is the gravitational constant; and M and m are the masses of
the Sun and sail, respectively. For a moving object, such as a solar sail, it is useful to
calculate the velocity as a function of distance

∫ v(r)

v0

v dv =

∫ r

r0

a(ρ) dρ (13)

and time as a function of velocity

t =

∫ r

r0

1

v
dρ (14)

Problem 3 (**): A circular solar sail with 100% reflectivity and a radius (R)
of 600 m. is at rest in the Earth’s orbit. The sail is oriented so that its normal
points directly to the Sun. The total mass of the sail and its payload ”(m[sail]”)
is 900 kg. The sail moves toward Mars along a trajectory of increasing r. As it
does so, its velocity (v) and acceleration (a) increase. Calculate the radiative
pressure on the sail, a(r), v(r), v at the orbit of Mars, and how many days are
required to reach Mars. (An equation from Sellers (2004) is presented.) See
problemsheet”radiativepressure.”

2.2 Magnitude

The brightness of an object, called its apparent magnitude or visible magnitude,
is perceived by the eye as a logarithmic function. For an object to appear five times as

9



bright as another object, it must be 100 times as luminous. In base 10 logarithms, this
gives steps of brightness equal to 2.5. Therefore, the difference between two magnitudes
(m, n) is related to their fluxes (Fm, Fn) as

m− n = −2.5 log10

(
Fm
Fn

)
. (15)

Absolute magnitude (M) is defined as the apparent magnitude (m) that an object
would have if it were at a distance of 10 parsecs:

M = m− 5 log10(d) + 5 (16)

Rearranging this formula provides a means of calculating distance if the absolute mag-
nitude and the apparent magnitude are both known:

m−M = 5 log10(d)− 5 (17)

The quantity m - M is known as the distance modulus.

Many types of stars radiate in wavelengths outside the visible spectrum. For such stars,
a more meaningful measure of brightness is the bolometric magnitude, which is the
magnitude taken over all electromagnetic frequencies. To calculate the bolometric mag-
nitude, a bolometric correction must be applied to the apparent magnitude, according
to the following formula:

bolcor = Mbol −mv (18)

Bolometric corrections for various types of stars, together with effective temperatures,
absolute visual magnitudes, B-V values, and masses in terms of solar mass are given in
Table 1.

Problem 4 (*): (A) Find the number which, when raised to the fifth power,
equals 100. Then derive the formula relating magnitudes to fluxes. (B) Find
the absolute magnitude of Sirius and the Sun. (C) Calculate the bolometric
magnitude of Antares. Calculate its radius, given the corrected bolometric
magnitude. Calculate the temperature of Rigil Kent. (D) Find the bolomet-
ric correction of Sirius. See problem sheet: ”magnitude”, which contains the
relevantdataandequationsforsolvingtheseproblems.

Absolute magnitude and luminosity are related by the following formula:

M −Mbol = −2.5 log

(
L

L�

)
(19)
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Table 1: Physical Parameters for Main-Sequence Stars (Gray 2005) (Other solar data
may be found in the Appendix in Table 8.)

Spectral Type Teff Mv BolCor B − V = Mb −Mv M/M�
O5 44,000 -5? -4.3? – 30?
B0 31,000 -3.3 -3.34 -0.29 17
B5 14,720 -1.1 -1.08 -0.16 4.3
A0 9,572 0.7 -0.14 0.00 2.34
A5 8,306 1.9 0.02 0.14 2.04
F0 7,178 2.7 0.04 0.31 1.66
F5 6,528 3.5 0.02 0.44 1.41
G0 5,943 4.4 -0.05 0.59 1.16
G5 5,657 5.1 -0.11 0.68 1.05
K0 5,282 6.0 -0.23 0.82 0.90
K5 4,623 7.5 -0.43 1.15 0.65
M0 4,212 8.8 -0.72 1.41 0.46
M5 3,923 12.0 -1.52 1.60 0.34

Sun (G2) 5,781 4.81 -0.07 0.656 1

2.3 Colour

Colour of stars is defined as the difference between the fluxes measured through filters
sensitive to different frequencies of light. Table (2) shows the central wavelengths of the
standard ultraviolet (U), blue (B), visible (V), red (R), and infrared (I) filters. The table
is a subset of a table given in Bessel, Castelli, and Plez (1998) in cgs units. A common
measurement of colour is the difference in flux between the B and V filters. The fifth
column of Table 1 gives the B-V values for standard Main Sequence stars. Note
that the B-V values for hotter stars are negative, while those for the relatively cooler
stars are positive. This results from the fact that the hottest stars are more luminous in
blue than in the longer wavelengths, while the opposite is true of cooler stars. This is
the pattern expected in black-body radiation, where a black body is an object that
is totally absorbing of electromagnetic radiation and emits radiation only as a result of
temperature. Different temperatures result in different wavelengths of electromagnetic
radiation. The reason for this will be shown in relation to Planck’s law and Wien’s law
below.

Magnitude is related to the UBVRI wavebands according to the formula

M −M0 = −2.5 log

(
Fm
F0

)
(20)

where M is the magnitude, M0 is the magnitude calibration, Fm is the flux, and F0 is
the calibrated flux. The calibration values are given in Table 2.
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Table 2: Standard UBVRI Filters and Magnitude Calibration (Bessel et al. 1998)
U B V R I

λeff (µm) 0.366 0.438 0.545 0.641 0.798
∆λ FWHM (µm) 0.065 0.098 0.085 0.156 0.154
fν (10−20 erg cm−2 s−1 Hz−1) 1.790 4.063 3.636 3.064 2.416
fλ (10−11 erg cm−2 s−1Å−1) 417.5 632.0 363.1 217.7 112.6

In the problem sheet ”luminous flux” we already saw the formula

F = σ T 4 (21)

which relates flux to temperature by means of the Stefan-Boltzmann constant, .
This formula is known as the Stefan-Boltzmann equation. Temperature can also be
related to colour through Planck’s law:

Bλ =
2πhc2

λ5(e
hc
λkT − 1)

(22)

where Bλ is radiance, h is Planck’s constant, c is the speed of light, λ is the
wavelength, and k is Boltzmann’s constant. Two approximations of Planck’s law
simplify the calculation under certain conditions. For the long-wavelength side of the
spectrum, the Rayleigh-Jeans approximation may be used:

Bλ(T ) ' 2ckT

λ4
(23)

And for short wavelengths, Wien’s approximation may be used:

Bλ(T ) ' aλ−5e
−b
λT (24)

where a and b are constants that are selected to enable the best fit to the data.

Differentiating Planck’s law and setting the derivative equal to zero yields Wien’s Dis-
placement law:

λmax ∗ T = 2.8978 ∗ 10−3, (25)

which relates the dominant wavelength of the radiation to the temperature.

The colour index may be calculated by
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2.5 ln

(
lbhi − lblo

lrhi − lrlo

)
(ln (10))−1 (26)

Problem 5 (***): Based on Planck’s law for radiance, calculate (A) the Stefan-
Boltzmann law for flux, (B) Wien’s displacement law and (C) the colour index
for the following ranges of two colour filters: blue: 400-500 nm; red: 600-
700 nm. This problem draws on information from Karttunen et al. (2007). See
problem sheet: ”Planck–Stefan-Boltzmann–Wien–colour”. Requisite data and
equationsaregivenintheproblemsheet.

Problem 6 (**): Make a plot of the Planck function for temperatures of 2000
K, 3000 K, 4000 K, 5000 K, 6000K, and 7000 K. See problem sheet: ”Planck graph”.

Because colour is related to temperature by the formulas of Planck (Equation (22)) and
Wien (Equation (25)), the colour index of a star can provide important information,
leading to a classification of stars, as shown in Table 3, which lists the types of stars
on the Main Sequence. See also Table 1 for temperatures of the different types of
stars.

Figure 1 gives a visual representation of the relationship between temperature and abun-
dance of some of the elements commonly found in stars. To take one example, hydrogen
shows up only weakly in the spectra of relatively cool stars like the Sun and very hot
stars. The reason for this is that, at lower temperatures, few hydrogen atoms have their
electrons in an excited state, and, at high temperatures, most of the hydrogen is ionized,
and there are few electrons left. In both cases, not enough electron transitions are taking
place to create strong spectral lines. Electron transitions and spectral lines are explained
further in Section 2.5 (Martin n.d.).

Figure 1: The effect of temperature on the abundance of elements in stars (Martin n.d.).

It should be borne in mind that the formulas given here apply not only to wavelengths
and frequencies of visible light, but to all wavelengths and frequencies of the electromag-
netic spectrum.

13



Table 3: Harvard Spectral Classification (Carroll & Ostlie 2007)

Spectral Type Characteristics

O Hottest blue-white stars with few lines; strong He II absorption
(sometimes emission) lines; He I absorption lines becoming stronger.

B Hot blue-white; He I absorption lines strongest at B2; H I (Balmer)
absorption lines becoming stronger.

A White; Balmer absorption lines strongest at A0, becoming weaker
later; Ca II absorption lines becoming stronger.

F Yellow-white; Ca II lines continue to strengthen as Balmer lines
continue to weaken. Neutral metal absorption lines (Fe I, Cr I).

G Yellow; Solar-type spectra; Ca II lines continue becoming stronger;
Fe I, other neutral metal lines becoming stronger.

K Cool orange; Ca II H and K lines strongest at K0, becoming weaker
later. Spectra dominated by metal absorption lines.

M Cool red; Spectra dominated by molecular absorption bands, especially
titanium oxide (TiO) and vanadium oxide (VO).

L Very cool, dark red; Stronger in infrared than visible; Strong molecular
absorption bands of metal hydrides (CrH, FeH), water (H2O), carbon
monoxide (CO), and alkali metals (Na, K, Rb, Cs); TiO and VO are
weakening.

T Coolest, infrared; Strong methane (CH4) bands but weakening CO
bands.

Problem 7 (***): Compare the radio and B-band intensity with the radio and B-
band luminosity of the galaxy NGC 5236. This problem sheet draws on data from
Condon (1987). See problem sheet: ”radio and visual luminosity and brightness”.
Requisitedataandequationsaregivenintheproblemsheet.

A relationship exists between stellar mass and luminosity. The mass-luminosity re-
lationship varies according to mass, but reasonably accurate results can be obtained
from the following equations (Salaris & Cassisi 2005).

L

L�
≈ 0.23

(
M

M�

)2.3

(M < 0.43M�) (27)

L

L�
=

(
M

M�

)4

(0.43M� < M ≤ 2M�) (28)

L

L�
≈ 1.5

(
M

M�

)3.5

(2M� < M ≤ 20M�) (29)
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L

L�
≈ 3200

(
M

M�

)3.5

(M > 20M�) (30)

A very approximate relationship in solar units between mass and radius for solar-type
stars is the following (Ciardullo 2003):

R = M0.8 (31)

And if the luminosity and radius are known and given in solar units, an approximate
value for the effective surface temperature of the star may be found from the luminosity
equation.

T = 5780K 4
√

(LR−2) (32)

Problem 8 (*): Sirius A (Alpha Canis Majoris) is close enough to Earth for
accurate parallax measurement of its distance, which is 2.64 pc. This knowl-
edge enables an accurate determination of its luminosity, which is 25.4 times
the luminosity of the Sun. Calculate its (A) mass, (B) radius, and (C) effec-
tive temperature, assuming (correctly) that it is a Main Sequence star with
mass between 2 and 20 times that of the Sun. This problem sheet uses data
from Liebert, Young, Arnett, Holberg, and Williams (2005). See problem sheet:
”Sirius”.

2.4 Emission Mechanisms: Continuum Emission

Electromagnetic radiation may be produced in a number of ways. The primary emission
mechanisms to be discussed here may be divided into two broad categories: continuum
emission and line emission. Continuum emission is further divided into thermal and
non-thermal radiation. Thermal radiation includes black body radiation, discussed
above in Section 2.3; thermal bremsstrahlung, in which an electron is scattered off
an ion; and recombination emission, in which a free electron is captured by an ion.
Non-thermal radiation refers to radiation resulting from a magnetic field and refers
primarily to magnetobremsstrahlung, which includes gyro radiation, cyclotron
radiation, synchrotron radiation, and curvature radiation.

Thermal bremsstrahlung radiation, which is German for ”braking radiation”, oc-
curs when an electron is accelerated (changes direction) in the Coulomb field of a
positive ion. Because the electron comes from outside the ion and is deflected but not
captured by it, bremsstrahlung is also referred to as ”free-free radiation”. Ther-
mal bremsstrahlung occurs wherever hot ionized gas exists. The primary temperature
regimes include radio emissions from HII regions at temperatures around 104 K, X-ray
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emissions from binary x-ray sources at temperatures around 107 K, and diffuse X-ray
emission from hot intergalactic gas in galaxy clusters at temperatures around 108 K
(Pisano 2012). Thermal bremsstrahlung radiation follows a Maxwellian velocity dis-
tribution, resulting in the free-free emission coefficient:

jν = 5.44 ∗ 10−42

(
Z2

T
1/2
e

)
ni ne gff (ν, Te) e

− hν
kTe (33)

in units of joules per second per square metre per hertz per steradian. Z is the atomic
number, Te is the temperature, ni and ne are the numbers per cubic metre of ions and
electrons, respectively; and gff is the so-called free-free gaunt factor, which provides
a quantum mechanical correction to the equation. (See Figure 2.) The formula for
calculating the thermal bremsstrahlung spectrum requires information about the optical
depth and the transfer equation, which will be discussed in Section 4.1.

Figure 2: Gaunt factors for Z=1 at various frequencies and temperatures (Irwin 2007,
p. 239).

16



Problem 9 (***): Calculate and graph the bremsstrahlung emission over all
frequencies for the Orion Nebula. In addition to the free-free emission coeffi-
cient (Equation 33), the problem requires formulas for optical depth and the
transfer equation, found in Section 4.1. Orion Nebula data are from Ander-
son and Eastwood (2013). See problem sheet: ”Orion” for the relevant data.

In an ionized gas, it is possible for a free electron to be captured by an ion and put into
a quantized orbital. The radiation resulting from the electron’s acceleration is known
as free-bound radiation, and the process is called recombination. The free-bound
emission coefficient is identical to that of free-free emission, except for the gaunt factor,
known as the free-bound gaunt factor (gfb) in this case:

jν = 5.44 ∗ 10−42

(
Z2

T
1/2
e

)
ni ne gfb(ν, Te) e

− hν
kTe (34)

in units of joules per second per square metre per hertz per steradian.

The four types of non-thermal magnetobremsstrahlung – gyro radiation, cyclotron radi-
ation, synchrotron radiation, and curvature radiation – bear significant similarities with
each other. These all depend on the acceleration of a charged particle, typically an elec-
tron, in a magnetic field. If the electron’s speed is greatly non-relativistic, it will circle
around the magnetic field lines. The radius of its orbit is known as the gyroradius:

rg =
me v⊥ c

e B
(35)

where me is the electron mass, v⊥ is the electron velocity component perpendicular to
the magnetic field lines, c is the speed of light, e is the electron charge, and B is the
magnetic force. The corresponding frequency of oscillation, which is equal to the emitted
electromagnetic frequency is

ωg =
e B

me c
(36)

The resulting radiation is known as gyro radiation . If the electron is moving at moderate,
non-relativistic speeds, it will move along the magnetic field lines in a helix, radiating
in all directions. This is known as cyclotron radiation. A highly relativistic electron,
moving along magnetic field lines, will also move around the lines in a helix; however, the
radiation it emits will be beamed into a forward-pointing cone whose half-width opening
angle is
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θ =
1

γ
(37)

where γ is the Lorentz factor. This is known as synchrotron radiation. This type of
radiation is the predominant radiation in active galactic nuclei (AGN). The non-
thermal power-law spectrum produced by this radiation leads to a broadband emission
coefficient of the following form:

jν ∝ ν−
p−1

2 (38)

where p is a power-law exponent.

Problem 10 (***): Find an estimate for the length of time a typical supernova
remnant, with a volume of 5.8 ∗ 1049 m3, can radiate, given its magnetic field
strength of 10−7 T. See problem sheet: ”synchrotron”, for additional data and
equations.

The synchrotron formula for power is

P = 1/6
B2β2cγ2tcc

π
(39)

where the Lorentz factor (γ)for a charged particle in a magnetic field is

1/3 γ :=
√

6

√
nmc

eB
(40)

B is the magnetic field strength, β = v/c, tcc is the Thomson cross section, c is the
speed of light, n is the number of particles, m is the particle mass, and e is the electron
charge. The formula for relativistic energy is

E = γ mc2 (41)

Problem 11 (**): About 6500 years ago, a star in the constellation of Taurus
exploded as a supernova. On July 4, 1054 CE, light from this explosion reached
the Earth and was observed by Chinese astronomers, who made a record of
their observation. The Crab Nebula has been identified as the detritus from
the explosion; and in the approximately 960 years since the sighting of the
supernova, the nebula has been expanding at a rate that roughly corresponds
to its age. Its magnetic field strength is 143× 10−26 G, and its peak frequency
is 4.8 × 1018 Hz. Determine whether or not the synchrotron radiation of the
nebula itself is sufficient to explain the duration of its visibility. See problem
sheet: ”Crab” (**) for data from Aleksićetal.(2015).
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If the beaming electron is moving fast enough along the magnetic field lines and the field
lines themselves are curved, an acceleration resulting from the curved field lines causes
radiation. This type of radiation is known as curvature radiation. and is thought
to result from the extremely powerful magnetic fields at the poles of rapidly rotating
pulsars. The degree of polarization is given by

Π(ω) =
P⊥(ω)− P‖(ω)

P⊥(ω) + P‖(ω)
(42)

where P⊥(ω) is the polarization perpendicular to the field lines and P‖(ω) is the po-
larization parallel to the magnetic field lines. The total linear polarization integrated
over all frequencies can be as high as 100%; however, somewhat lower values are usually
found (Ghosh 2007).

2.5 Emission Mechanisms: Line Emission

Unlike continuum emission, which is spread over a wide range of the spectrum, line
emission refers to a specific wavelength in the spectrum where emission is detected. The
detected emission is known as a spectral-line intensity profile or spectral line. The
“line” has a specific width, resulting from the intensity of the emission and measured
by the integral over the area of the line width. Line emission results from discrete
internal quantum changes of energy in atoms or molecules, including isotopes and ions.
A downward transition of an electron from a higher energy level to a lower one will release
a photon with energy equivalent to the difference between the electron’s two energy levels.
This type of transition, known as a bound-bound transition, results in an emission
line in the spectrum. Such emission lines may be found throughout the electromagnetic
spectrum, from gamma radiation to long-wave radio radiation, depending on the photon
energy. In addition to transitions within the atom, other quantized transitions can result
from processes within molecules. These include vibrational transitions as a molecule
rapidly expands and contracts, rotational transitions of a spinning molecule, and
nuclear transitions resulting from changes in the atomic nucleus.

Transitions involving electron energy in atoms result in radiation in and around the opti-
cal part of the spectrum. Molecular transitions emit photons at longer wavelengths, from
infrared to millimetre waves at the low end of the radio spectrum. Nuclear transitions,
resulting from radioactive decay, can result in high-energy gamma rays. Each transition
produces a unique set of lines, enabling astrophysicists to identify the element, molecule,
or process responsible for the lines.

A number of basic equations are useful in describing spectral lines. The relationship
between frequency (ν) and wavelength (λ) of electromagnetic radiation is

ν =
c

λ
(43)
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The quantum-mechanical formula for the energy of electromagnetic radiation at fre-
quency ν is

E = hν (44)

where h is Planck’s constant. The energy of an electron in an orbital n is

En =
−ryd
n2

(45)

where ryd is the Rydberg energy constant for hydrogen. When an electron transitions
from one orbital (ni) to another (nf ), the energy of the photon emitted or absorbed by
the atom is

Ephoton = ryd

(
1

n2
i

− 1

n2
f

)
(46)

The frequency of the photon corresponding to the change in energy levels from Ei to Ef
is

νphoton =
Ei − Ef

h
(47)

For visible light (n ≥ 2), the Balmer formula may be used to calculate the wavelength if
the energy level of the electron is known:

ν = 3.2881 ∗ 1015s−1

(
1

4
− 1

n2

)
(48)

Problem 12 (*): (A) Calculate the frequency of electromagnetic radiation
corresponding to electron energy level 3. (B) Calculate the frequency of the
spectral line resulting from an electron transition from n = 4 to n = 1. (C)
Calculate the energy level corresponding to the longest Lyman wavelength.
(D) Find the energy corresponding to the frequency of the Balmer line at 410
nm. (E) Find the energy level of an electron that has emitted a photon with
wavelength of 486.1 nm from energy level 4. (F) Find the photon frequency
required to move an electron from n = 1 to n = 3. See problem sheet: ”line
spectrum”.
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2.6 Interference: Line Broadening, Scattering, and Zeeman splitting

Certain processes lead to the broadening of spectral lines beyond what their calculated
values should be. Observations of such broadening can enable astrophysicists to identify
the process responsible for it. Because of the Uncertainty Principle, lines have a
natural width. The Uncertainty Principle may be stated as

∆x∆px =
h

2π

∆E∆t =
h

2π

(49)

where ∆x = change in position, ∆px = change in momentum, h = Planck’s constant,
∆E = change in energy, and ∆t = change in time.

Problem 13 (**): Quantum effects based on the Uncertainty Principle cause
a line damping profile known as a Lorentzian or Cauchy profile. This type
of broadening is called natural broadening and is typically much smaller than
Doppler broadening or pressure broadening, which are usually more significant
in astrophysical objects. Find the amount of broadening due to the Uncertainty
Principle.Seeproblemsheet:”naturalbroadening”.

Usually, however, the measured width is greater than the natural width. The thermal
motion of atoms or molecules within a gas cloud can cause the lines emitted by transitions
in the cloud to broaden. This is known as Doppler broadening. If Doppler broadening
of a line can be measured accurately, it can enable a determination of the expansion
velocity of the gas cloud, which is half the Doppler line width. The formula for Doppler
broadening is (in cm s−1)

∆νD = 7.14 ∗ 10−7νrest

(
T

A

)1/2

=
2.14 ∗ 104

λrest

(
T

A

)1/2

(50)

where νrest is the rest frequency, λrest is the rest wavelength, T is the temperature, and
A is the atomic weight. From this formula, an approximation of the gas temperature
can be calculated. Doppler broadening can also be calculated using the following two
formulas. The formula for particle velocity in a maxwellian distribution is

vp =
√

2

√
kT

m
(51)

where k is Boltzmann’s constant, T is temperature, and m is particle mass. And the
formula for Doppler shifting when the velocity (v) is much less than the speed of light
(c):
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∆λ/λ = v/c (52)

where ∆λ = is the shift in wavelength and λ = laboratory wavelength.

Problem 14 (*): Calculate the Doppler broadening of the iron lines at the
surface of the Sun. The mass of an iron atom is 56 times the mass of hydrogen,
and the temperature at the surface of the Sun is 5780 K. See problem sheet:
”Dopplerbroadening”.

A special case of Doppler broadening can be caused by stellar rotation, as one limb of
the star approaches the observer while the opposite limb recedes.

Another type of line broadening is pressure broadening, which results from interac-
tions of the radiating atom with particles surrounding it. The effects of pressure broad-
ening become more pronounced as the pressure of the surrounding matter increases. The
shape of a line profile resulting from approximately equal effects of Doppler broadening
and pressure broadening is called a Voigt profile. A special case of pressure broadening
is caused by the Stark effect, which results from static charges of different strengths
surrounding the radiating atom.

Several types of photon scattering can affect the reception of an electromagnetic signal.
These include elastic scattering, in which momentum is transmitted without loss,
and inelastic scattering, in which some momentum is lost to particles not directly
involved in the scattering process. The main types of elastic scattering are Rayleigh,
Mie, and Thomson scattering. Inelastic scattering includes Raman, Compton,
and inverse Compton scattering, among others.

Rayleigh scattering occurs when particles much smaller than the wavelength of the light
interfere with the propagation of the light. The scattering is greatest for the shortest
wavelengths, resulting in blue light being scattered more than red light. This is the
mechanism that causes the sky to appear blue.

Mie scattering occurs when the particle size is similar to wavelength. The size of the
particle affects the wavelength being scattered. Mie scattering occurs in the Earth’s
atmosphere (causing the rare phenomenon of the ”blue moon”) and in interstellar space.
Since particles in the Earth’s atmosphere are generally of various sizes, Mie scatter-
ing normally produces a grey effect, such as is responsible for the appearance of most
clouds.

Thomson scattering results from photons being scattered by free electrons. It occurs
in stellar atmospheres and results in light being scattered in equal numbers both for-
wards and backwards. Unlike Rayleigh and Mie scattering, Thomson scattering is not a
function of wavelength.
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Problem 15 (**): (1) Calculate the Thomson Cross Section and give its value.
(2) Which has the greater cross section: electrons or protons? Why? (3) What
effect does wavelength have on Thomson scattering? (4) Calculate the optical
depth to Thomson scattering in the warm, neutral (HI) medium of the Galactic
ISM, normal to the disk. (5) How might Thomson scattering be used to reveal
a hidden active galactic nucleus? Data from Ferriere (2001). All units in cgs.
See problem sheet: ”Thomson Cross Section” for relevant data and equations.

If a photon causes an excitation of an atom or molecule, a type of inelastic scattering
results called Raman scattering. The photon’s loss of energy results in a change
of wavelength. In astrophysics, Raman scattering is important in the detection of
molecules.

Compton scattering occurs when an X-ray or gamma-ray photon bounces off a particle.
The photon gives up some of its energy to the particle and emerges with a longer (weaker)
wavelength. Compton scattering is used in proportional counters, where the energy
of gamma rays is reduced for easier detection. The opposite process, called Inverse
Compton, occurs when a fast-moving electron hits a photon and transfers some of its
energy to it. Inverse Compton scattering is especially important in the astrophysics of
interstellar clouds. The energy transferred by inverse Compton scattering to a photon
of energy hν is

∆(hν) = hν

(
4
kT

mc2
− hν

mc2

)
(53)

If hν << kT , the final term may be dropped:

dhν

dN
≈ hν

(
4
kT

mc2

)
(54)

where N is the number of scatterings. The energy after N scatterings is

hνN
hνi
≈ hν

4kTN
mc2 (55)

The number of scatterings for an optical depth τ >> 1 is

N = (τcom)2 (56)

And the condition for inverse Compton saturation is

hνf ≈ 4 kT (57)
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Problem 16 (***): Consider an interstellar cloud of non-relativistic electrons
at a temperature T. A large quantity of photons from the Cosmic Microwave
Background with energies hνi << kT flows continuously through the cloud.
The cloud is optically thick to inverse Compton scattering (τcom >> 1) but has
shallow optical depth to absorption (τabs << 1). Inverse Compton scattering
causes the photon energy to increase greatly so that the final energy is much
greater than the initial energy (hνf >> hνi). Increasing τcom up to a critical
value causes a rapid increase in hνf , where the inverse Comptonization process
saturates. Find an expression for the critical value of τcom. Use cgs units. See
problemsheet:”InverseComptonscattering”.

Another type of disturbance of a spectral line occurs when an atom is affected by a
strong magnetic field. The line splits into three or more lines as a result of the magnetic
force – a phenomenon known as Zeeman splitting. There are two types of Zeeman
splitting: the normal Zeeman effect and the anomalous Zeeman effect. In normal
Zeeman splitting, the net spin of the electrons is zero and consequently does not play a
role in the splitting. In anomalous Zeeman splitting, electron spin makes a contribution,
resulting in additional split lines.

Normal Zeeman splitting involves a singlet state, and with zero spin, the momentum
(J) and the angular orbital momentum (L) are equal. If a magnetic field is applied, the
atom’s magnetic moment is affected, and a change of energy results:

∆E = ml µB B (58)

where ml is the magnetic moment, B is the magnetic field strength, and µB is the Bohr
magneton, which is equal to

e~
2me

(59)

Each energy level splits into 2l + 1 levels because of the 2l + 1 levels of ml. The three
levels are

E0 +
e~

2me
, E0, E0 −

e~
2me

(60)

The change in frequency caused by normal Zeeman splitting is

∆ν =
eB

4πme
(61)

where e is the electron charge, B is the magnetic field strength, and me is the mass of
the electron.
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Problem 17 (**): (A) The Ap star BD+0◦4535 has a powerful magnetic field of 2.1
T. Calculate the wavelengths of the Hα line (656.281 ∗ 10−9m) caused by Zeeman
splitting. Data are from Elkin, Kurtz, Nitschelm, and Unda-Sanzana (2010). (B)
The iron Fe I line, at 630.25 nm in the umbra of a large sunspot, is split into
two components by Zeeman splitting. The line spread is approximately 14 Å.
Find the magnetic field strength of the sunspot’s umbra. Data from Katsukawa
(2011).Seeproblemsheet:”normalZeemansplitting”.

In the case of the anomalous Zeeman effect, the total angular momentum includes the
spin component:

J = L+ S (62)

The total magnetic moment is

µ =
−µB
~

(L+ 2S) (63)

and the level splitting is

∆E = g mj µB B (64)

where mj is the angular momentum quantum number, and g is the Landé factor:

g =
j(j + 1) + s(s+ 1)− l(l + 1)

2j(j + 1)
(65)

If B is large enough that fine-structure splitting can be ignored, the Zeeman splitting
can be represented as

∆E = (ml + 2ms) µB B (66)
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3 Measuring Distance

Stellar distance measurements rely on a series of steps, known as the cosmological
distance ladder. Each “rung” of the ladder provides the basis for the next higher
“rung”. An error in a lower “rung” could mean greater and greater errors as one ascended
the “ladder”. The main steps in this “ladder” are the parallax method of determining
the distances of the nearest stars; Doppler shifting to calculate the distances of more
distant stars; Cepheid variables as a means of measuring the Galaxy and other galaxies
in the Local Group; the Tully-Fisher relation and Type Ia supernova explosions
for estimating the distances of more distant galaxies; and the Lyman alpha forest and
extreme redshift measurements for estimating the distances of the most distant visible
galaxies. An overview of techniques for measuring astronomical distances is given in
Figure 3 below. The dotted lines indicate less reliable connections than the solid lines
do.

Figure 3: The main techniques for measuring astronomical distance, showing the range
of each technique and the connections among them. Dotted lines indicate a weak con-
nection. Solid lines indicate a strong connection. (Wikimedia n.d.).

26



3.1 Parallax

Measuring the distances to the stars begins with parallax, the angle subtended by one
astronomical unit at the distance of the star. The size of the astronomical unit is
calculated by Newton’s form of Kepler’s third law:

P 2 =
4 π2 a3

G(M + m)
(67)

where P is the period, a is the semi-major axis (in this case, the astronomical unit), G
is the gravitational constant, M is the mass of the Sun, and m is the mass of the planet
(in this case, the Earth).

The usefulness of the parallax method depends on the accuracy of the instrumentation
used to measure the parallax angles. To date, the most accurate of these has been the
Hipparcos satellite, which measured the parallaxes of 117,955 stars to a distance of
approximately 90 pc and with an accuracy of better than 1 mas (Webb 1999). With
somewhat less reliability, Hipparcos measured the parallaxes of stars out to about 500
pc. Beyond that distance, parallax measurements cease to be reliable, at least with
present technology.

Problem 18 (*): Derive the formula for parallax. Then use the formula to
calculate the distance, angular separation, and actual separation in parsecs
and astronomical units of Proxima Centauri (right ascension: 14h 29m 42.95s;
declination: −62o 40’ 46.1”) and Alpha Centauri A (right ascension: 14h 39m
36.50s; declination: −60o 50’ 02.3”). Data are from Cox (2000). See problem
sheet:”parallax”.

3.2 Doppler shifting

It is sometimes possible to estimate the distance to an astronomical object by using
Doppler shifting. A Doppler shift occurs when one or more known spectral lines are
shifted away from the wavelength that they would have in a laboratory frame of reference.
If a luminous object is moving toward the Earth, the lines in its spectrum will be shifted
toward the blue end of the spectrum. If it is moving away from the Earth, the shift will be
toward the red. This is known as a redshift and is commonly seen in stellar and galactic
spectra. Astronomers are careful to distinguish between two types of Doppler shifting:
the relative motions of two objects in space, and the motion of objects with space as
part of the expansion of the Universe, known as the Hubble flow. This cosmological
Doppler shifting can reach speeds approaching the speed of light, for which a relativistic
correction must be made. This will be explained further in Section 3.6.

Either type of Doppler shifting provides an estimate of the speed with which an object
appears to be approaching or receding from the Earth. In the case of an expanding
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object, such as a supernova remnant, it is sometimes possible to use this information to
calculate the approximate size of the object, and thus, its distance from the Earth.

Problem 19 (***): Use Doppler shifting and the ”expanding photosphere method”
to calculate the distance to the type II supernova remnant SN 1969L. This prob-
lem sheet is based on Jasper (n.d.), with additional information by Bessel (1990),
Kirshner and Kwan (1974), and Schmidt (2013). See problem sheet: ”supernova
distance”forrelevantdataandequations.

3.3 Spectroscopic parallax and Main Sequence fitting

Spectroscopic parallax, also known as Main Sequence fitting, is a technique for
estimating the distance of a star on the basis of its apparent brightness and colour index.
The term ”spectroscopic parallax” is erroneous and misleading, since the technique does
not involve the use of a spectrum and has nothing to do with parallax. The term ”Main
Sequence fitting” will be used henceforth. To understand Main Sequence fitting requires
an understanding of the Hertzsprung-Russell diagram, (Figure 4).

The Hertzsprung-Russell diagram, also known as the HR Diagram, is a plot of stars
according to their colour index or spectral type versus their luminosity or absolute mag-
nitude. (See Section 2.3.) As can be seen from the diagram, five luminosity classes
are recognized: Ia and Ib refer to supergiant stars, II refers to bright giants, III to
giants, IV to subgiants, and V to dwarfs. The vast majority of stars are, like the Sun,
members of the dwarf class; and this group is known as the Main Sequence. Below
the Main Sequence is the group of white dwarfs, ”dead” stars that are no longer pro-
ducing energy by nuclear fusion. White dwarfs are discussed in greater detail in Section
6.2.2.

Additionally, stars are classified as Population I or Population II depending on the
period in the history of the Universe when the star began to evolve. The older Population
II stars are found mainly in globular clusters and exhibit a dearth of elements above
helium, known in Astronomy as metals. The metal-rich Population I stars derived
their metals from the supernova ejecta of the previous Population II stars. It is thought
that the first stars in the Universe comprised a Population III. (See Sobral et al.
(2015).)

In theory, it is possible to estimate the distance of a Main Sequence star by plotting it
on the HR diagram using the star’s apparent magnitude instead of its (unknown) abso-
lute magnitude. By calculating the vertical distance on the diagram between the Main
Sequence and the target star, an estimate of the difference between absolute magnitude
and apparent magnitude can be made. Plugging this value into the distance modulus
equation (Equation 17), will give the distance to the star in parsecs.

In practice, placing the star exactly beneath its proper position on the Main Sequence is
difficult, and considerable errors in the calculation can result. Instead, the technique is
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Figure 4: The Hertzsprung-Russell diagram (Powell n.d.).

usually confined to estimating the distance to star clusters. Stars in clusters are known
to be all approximately the same age and at the same distance. A plot of an entire
cluster on the HR diagram shows a curve that mimics the Main Sequence curve but lies
beneath it. It is easier to position such a curve properly under the Main Sequence curve
and measure the magnitude difference, thus giving the distance to the cluster by the
distance-modulus formula (Equation 17).

Problem 20 (**): Calculate the distance to the Pleiades open cluster using
the method of Main Sequence fitting. The problem sheet uses information from
the Australia Telescope National Facility (n.d.a) and Benge (n.d.). See problem
sheet:”MainSequencefitting”forrelevantdata.
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3.4 Standard candles

An astronomical object of known luminosity is referred to as a standard candle. In
theory, it is possible to calculate the distance to such an object by means of the distance
modulus formula, Equation (17). Among the objects commonly used as standard candles
are a class of variable star known as Cepheid variables and a type of supernova known
as supernovae Ia. Both of these are identified by means of their unique spectral
signatures.

Cepheids exhibit a relationship between pulsation period and luminosity. Shapley (1961)
provides the following empirical formula for calculating the absolute magnitude of a
Cepheid variable:

M = −2.81 ∗ log10(P )− 1.43 (68)

where P is the period in days.

For supernovae of type Ia, the peak absolute magnitude is taken to be approximately
-19.5. Ideally, the supernova is observed to brighten until it reaches its peak magnitude,
at which point a measurement of its apparent magnitude is made. The distance modulus
formula, Equation (17), is then used to calculate the distance to the supernova.

Video: The file ”supernova light curve.mpg” (The Supernova Cosmology Project
2004) in the ”Videos” folder shows the light curve of a supernova as it brightens
and then gradually fades. The light curve identifies this supernova as a type
I. It can, therefore, be regarded as a standard candle; and its light curve
can be used to determine its absolute magnitude, leading to an estimate of its
distance.

While parallax measurements are possible out to a distance of about 300 parsecs, Cepheid
variables, which are as much as 100,000 times as bright as the Sun, can be detected out to
about 30 million parsecs. Type Ia supernovae have been observed at distances exceeding
1000 Mpc.

Problem 21 (*): Calculate the distance to the first Cepheid variable to be
discovered, Eta Aquilae, which has a period of 7.2 days and an apparent visual
magnitude of 3.95. Equations 17 and 68 are used. (Data from Moore (2000)). See
problemsheet:”Cepheiddistance”.

Some problems arise in the use of standard candles. For one thing, it was learned that
Cepheids actually consisted of at least two quite different types: the classical Cepheids,
mentioned above, and the fainter RR Lyrae stars, visible only to about 100 kpc.
Different period-luminosity relationships apply to these two types. And with regard to
the type Ia supernovae, not all of these reach the same peak luminosity. However, it
appears that the peak luminosity can be predicted from the shape of the luminosity

30



curve over time. Unlike Cepheids, supernovae explode once and dissipate. In addition
to this, they are rare and usually found only serendipitously. For all standard candles, a
major problem is extinction. Unless the amount of extinction can be determined with
reasonable accuracy, a reliable calculation of the absolute magnitude cannot be achieved.
If the extinction in magnitudes (A) is known, the distance modulus formula, Equation
(17), can be amended to include it:

m−M = 5 ∗ log10(d)− 5 +A (69)

More information about variable stars and supernovae can be found in Sections 7 and
6.4, respectively.

3.5 Tully-Fisher relation

In 1977, two astronomers, Tully and Fisher, published an article in which they de-
scribed a previously unknown method of estimating the distance to a spiral galaxy.
They found that galactic luminosity was proportional to the line width of the forbidden
21-centimetre, spin-flip transition line of neutral hydrogen, raised to a power that is now
taken to be 4 (and see Section 8.3):

L ∝ ∆V 4 (70)

This line is detected by a radio telescope; and when a spectroscope is placed along the
plane of an edge-on spiral galaxy, the Doppler effect of the galactic rotation causes the
line to split into a double-peaked line, such as the one shown in Figure 5.

Once the line width (∆V ) is known and the apparent magnitude (m) is measured, the
following formula can be used to calculate the distance modulus (µ) (Tully & Fisher
1977):

µ = 3.5 + 6.25 log ∆V +m (71)

This method works reasonably well out to a Hubble recession velocity of approximately
10,000 km/s. (See Section 3.6.) Beyond that, infrared imaging is used to calculate the
absolute magnitude with the formula

M = −9.5 log10

(
W

2 ∗ sin i

)
+ 2 (72)

where W is the line width and i is the inclination of the galaxy away from the edge-on
plane. The inclination is calculated as follows:
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Figure 5: The double-peaked form of the 21-cm line of a rotating spiral galaxy. Mea-
surement is taken at 20% of peak intensity. (Arecibo 2009).

cos2 i =
b
a − α

2

1− α2
(73)

where b/a is the axial ratio of the best-fitting ellipse, and alpha is the intrinsic axial
ratio for an edge-on system, generally taken to be 0.2.

As an example, if the quantity in parentheses in Equation (72) is found to be 250 km/s
for a given galaxy and the apparent magnitude of the galaxy in the infrared is 10, then
the absolute magnitude is calculated to be -20.78. With this information, the distance
modulus equation (Equation 17) can be used to calculate the distance to the galaxy,
which is 14.3 Mpc (Webb 1999).

For some galaxies, this method has been calibrated with Cepheid variables and found
to be accurate within about 25%. If a group of galaxies in a cluster is used instead of a
single galaxy, the accuracy can be improved to within about 10%.

A similar procedure for estimating the luminosity of elliptical galaxies is the Faber-
Jackson relation:

L ∝ σx0 (74)

where σ0 is the velocity dispersion, and x is taken to be in the range 3.4 to 5.6 depending
on assumptions
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3.6 Lyman-break galaxies and the Hubble flow

A technique involving the so-called Lyman break can be used to estimate the distances
to extremely distant, but bright, galaxies. This technique depends on the fact that
radiation of shorter wavelengths than the so-called Lyman limit at 912 Å is almost
completely absorbed by surrounding gas. As a result, the spectrum of such a distant
galaxy appears to drop off at this limit, making it easier to identify spectral lines near
the drop-off point. Figure 6 shows a typical spectrum of a Lyman-break galaxy and of
a Lyman-alpha emitter.

Figure 6: A typical spectrum of a Lyman-break galaxy (dotted line) and of a Lyman-
alpha emitter (solid line). (U.S. National Library of Medicine 2011).

Note that the Lyman break for the galaxy in Figure 6 is at a much longer wavelength
than 912 Å, mentioned above. This is the result of the Hubble flow, the expansion of
the Universe. The Hubble flow is not noticeable at close cosmological distances because
nearby galaxies and clusters are gravitationally bound to each other. In fact, in the
Local Group of galaxies, the Andromeda galaxy and the Milky Way are moving toward
each other, rather than apart. However, at vast cosmological distances, the expansion
causes galaxies to appear to be moving apart at great rates of speed, and the greater
the distance, the greater the recession speed. The recession speed can approach,
and even exceed, the speed of light. Superluminal speed, in this case, does not violate
Einstein’s special relativity because the galaxies are not moving in space. It is space that
is expanding, carrying the galaxies with it. Hubble’s Law is expressed as follows:

v = H0 ∗ d (75)

33



where v is the speed in kilometres per second, d is the distance in megaparsecs, and H0

is the universal Hubble constant. The exact value of the Hubble constant is not known,
but the currently accepted value is given in Table 8 in the Appendix.

Because the value of the Hubble constant is known only approximately, astronomers
prefer to give Hubble distances in z-factors, rather than in kilometres or parsecs.

z =
λo
λe
− 1 =

√
1 + v

c

1− v
c

− 1 (76)

where λo is the observed wavelength and λe is the emitted wavelength. Therefore, the
Hubble Law can be expressed as

c ∗ z = H0 ∗ d (77)

Oesch et al. (2015) used the Lyman-break technique and the Hubble Law to calculate
the distance to a galaxy that turns out to be the most distant galaxy yet discovered. The
Lyman-alpha line lies near the Lyman limit and has a wavelength in the laboratory
frame of reference of 1215.67 nm. Using Equation (76), Oesch et al. (2015) calculated the
distance to this galaxy, designated EGS-zs8-1, to be z = 7.73. It must, therefore, be one
of the very first galaxies to form in the Universe during the period of re-ionization.

One further use of the Lyman break is a phenomenon known as the Lyman forest. As
the spectral lines from a distant galaxy pass through a succession of gas clouds on their
way to the Earth, the Lyman break in these clouds takes place at successively shorter
wavelengths, depending on the distance of each cloud from the Earth. This gives a rough
estimate of the distance of the emitting galaxy as well as a sense of the number of gas
clouds between the source and the Earth. Because the shifted Lyman alpha lines occur
close together in the spectrum, the effect is of a ”forest” of lines and hence the term
”Lyman alpha forest”. This technique is useful for isolating galaxies at distances of z=
2-3. A typical spectrum showing the Lyman forest is shown in Figure 7.
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Figure 7: A Lyman-alpha forest in the spectrum of a distant quasar, whose light is
passing through many clouds of gas between the quasar and the Earth. (Liske n.d.).

4 Transparent Gas: Interstellar Gas Clouds and the At-
mospheres and Photospheres of Stars

The behaviour of light in a transparent gas provides information about the pressure,
density, and composition of the gas. Light passing through an interstellar gas cloud
not only reveals characteristics of the gas cloud itself, but may also provide information
about the emitter located behind it. The light that comes from stars, on the other hand,
is emitted from their photospheres and, in the case of the Sun, also from eruptions in
the chromosphere and from a very faint glow of the corona. Other stars are too distant
to show coronal or chromospheric features.

To describe the interaction of light with gas, astrophysicists have devised equations that
measure the emission and absorption of light as well as the optical depth of the gas.
Applying these equations to a real star, however, can be an involved and complicated
process. For this reason, astrophysicists use a somewhat simplified description of a star,
which, as it turns out, gives a very close approximation to reality while greatly simplifying
the necessary calculations. Finally, in this section, the equations of Boltzmann and Saha
are presented, which together give a valuable description of the composition of the stellar
atmosphere.
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4.1 Transfer equation and optical depth

In the case of a body of gas, whether it be an interstellar gas cloud or the surface of a
star, we are concerned with the light that is emitted from the gas as well as with the
light that is absorbed by it. The emitted light is related to the emission coefficient
jν , usually given in units of erg s−1 cm−3 Hz−1 sr−1. Absorption is related to the
absorption coefficient κν and is given in units of cm−1. The ratio of the two defines
the source function:

Sν ≡
jν
κν

(78)

which has units of specific intensity, namely, erg s−1 cm−2 Hz−1 sr−1. One of the
most important equations in astrophysics, the equation of radiative transfer, also
known as the transfer equation, presents the relationship between the specific intensity
and the source function:

dIν
dτν

= Iν −
jν
κν

= Iν − Sν (79)

where τ is the optical depth, defined as

τ(z) =

∫ 0

z
κλ ρ dz (80)

where ρ is the density of the gas, and z is any depth within the gas, usually taken to be
infinity. Optical depth can also be expressed as

dτ =
dz

l
(81)

where l is the mean free path of a photon, and is, therefore, a function of both
wavelength and density, as Equation (80) indicates. It can be represented as

l =
1

κλ ρ
(82)

Thus, an optical depth of 1 may be thought of as equivalent to the mean free path of the
photon. In general, the optical depth represents the number of mean free paths taken
by a photon as it moves toward the surface of the gas. The surface of a star, known as
the photosphere, the layer from which most of the detectable radiation is emitted, is
considered to be at an optical depth of approximately 2/3. (See Section 4.2.)
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A number of solutions to the differential transfer equation are available, but the one
most essential in astrophysical work involves the passage of light through a gas that is
in local thermodynamic equilibrium (LTE), such that the temperature is roughly
constant over the mean free path of a photon, and that is both emitting and absorbing.
In the case of LTE, the source function (S) equals the Planck function (B) (See Equation
(22).), and the transfer equation takes the form:

Iν = Iν0 e
−τν +Bν(T ) (1− e−τν ) (83)

If there is emission only, then the final term drops out. In this case, it can be seen that,
after one mean free path, the intensity of the radiation is less by a factor of e−1 = 0.368.
In the case where there is no emission, the first term on the right drops out. Both terms
on the right are required when both emission and absorption are present.

The number of interactions of a photon on the way to the surface of an absorbing gas
is

N = τ2 (84)

The main sources of opacity are the following:

• bound-bound absorption, when an electron is bounced from a lower to a higher
orbital, absorbing some energy from the photon;
• bound-free absorption, when an electron is kicked out of the atom by a photon;
• free-free absorption, when a free electron gains energy from a collision with a

photon, as in Thomson scattering (See Section 2.6);
• electron scattering, when the trajectory of an electron is changed by collision with

a photon (Howarth 2008-2010).

Problem 22 (**): Calculate (1) the optical depth of the whole Sun, (2) the
distance of one optical depth of the outer layers of the Sun, and (3) the optical
depth of an interstellar HI cloud in the Galaxy. The problem sheet is based
on information from Artymowicz (2010), Irwin (2007) and Taylor et al. (2003).
Seeproblemsheet:”opticaldepth”forrelevantdataandequations.

4.2 Plane-parallel atmosphere, Eddington’s approximation, and limb
darkening

Plane-Parallel Atmosphere: To simplify the calculations resulting from the transfer
equation, certain assumptions about the upper layers of a star may be made. The
assumption of a plane-parallel atmosphere simplifies calculations by restricting variations
in the atmosphere to a vertical direction only. In the case where no radiation is entering
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the luminous object, for example an isolated gas cloud, spectral lines will appear if jλ >>
1. In the case where radiation enters the luminous object, for example from the lower
levels of a star into its atmosphere, absorption or emission lines will be seen depending
on the relationship between the specific intensity and the source function.

Problem 23 (**): Assuming a plane-parallel atmosphere, (1) show that emission
lines will appear if jλ � 1 and there is no radiation entering the atmosphere
from outside. (2) Further, show that, if radiation enters from below, the re-
lation between specific intensity and source function will determine whether
emission or absorption lines are seen. See problem sheet: ”plane-parallel”.

Grey Atmosphere: A further simplification is the assumption that opacity is not
a function of wavelength. Although this is not strictly true, the assumption of a so-
called grey atmosphere simplifies calculations without greatly affecting the accuracy.
This assumption gives rise to the following equations, replacing Equations (79) and (80)
(Townsend 2013):

τν(z) =

∫ 0

z
κ̄(z)ρ(z)dz (85)

and

cos θ
dI

dτν
= I − S (86)

for I and S integrated over all wavelengths. This last equation is the grey, plane-parallel
equation of radiative transfer.

Moments of the Radiation Field: Since the grey, plane-parallel equation of radiative
transfer is a function of direction, µ(= cos θ), a further simplification is possible by
integrating the equation of radiative transfer over all solid angles (Townsend 2013):

d

dτν

∫
Iµ dΩ =

∫
I dΩ− S

∫
dΩ

Since the mean intensity is

〈I〉 =
1

4π

∫
I dΩ =

1

2

∫ 1

−1
I dµ

and the flux is
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F =

∫
I µ dΩ = 2π

∫ 1

−1
I µ dµ

Therefore,

d

dτν
F = 4π (〈I〉 − S) (87)

This is known as the first moment equation of the radiation field. Next, multiply the
equation of radiative transfer by µ and integrate over all solid angles:

d

dτν

∫
Iµ2 dΩ =

∫
Iµ dΩ− S

∫
µ dΩ

And radiative pressure may be expressed as

Prad =
1

c

∫
Iµ2 dΩ =

2π

c

∫ 1

−1
Iµ2 dΩ

It follows that

d

dτ
Prad =

F

c
(88)

This is known as the second moment equation of the radiation field. The nth moment
equation of the radiation field is

Mn =

∫
I µn dΩ (89)

Radiative Equilibrium: (Townsend 2013). The equation of radiative equilibrium
is

κ 〈I〉 = κ S

From the first moment equation:

d

dτν
F = 4π (〈I〉 − S) = 0

showing that flux is constant. From the second moment equation with constant F:
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Prad =
F

c
τν (90)

The Eddington Approximation: A further simplification, called the Eddington
approximation is based on the assumption of radiative equilibrium and assumes further
that specific intensity is constant over both hemispheres (Townsend 2013)

I(µ) =

{
Iout : µ > 0
Iin : µ < 0

where µ > 0 indicates the upper hemisphere, and µ < 0, the lower. Therefore,

〈I〉 =
1

4π

∫
I dΩ =

1

2

∫ 1

−1
I dµ =

1

2
(Iout + Iin)

F =

∫
I µ dΩ = 2π

∫ 1

−1
I µ dµ = π(Iout − Iin)

Prad =
1

c

∫
Iµ2 dΩ =

4π

3 c
〈I〉 (91)

Combine Equation (90) with Equation (91) to get

4π

3 c
〈I〉 =

F

c
τν + C

Since Iin = 0 at τ = 0, C is found to be 2/3, and

I =
3

4π
F

(
τ +

2

3

)
Since F = σ T 4,

I =
3

4π
σ T 4

eff

(
τ +

2

3

)
where Teff is the effective temperature. For local thermodynamic equilibrium,

S = B = 〈I〉 =
σ T 4

π

consequently,
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T =
3

4π
T 4
eff

(
τ +

2

3

)
The condition for the radiation field to be isotropic within a value of x is expressed
as

Iout − Iin
1/2 Iout + 1/2 Iin

= x

Problem 24 (***): Determine the values of Iin and Iout as functions of vertical
optical depth (τ), using the Eddington Approximation for a plane-parallel at-
mosphere. Then find the optical depth at which the radiation field is isotropic
towithin5%.Seeproblemsheet:”greyandEddingtonapproximations”.

Under the approximation of a plane-parallel atmosphere, where Iν = Sν = Bν , a so-
called Rossland mean opacity, κ̄, can be defined as

1

κ̄
≡

∫ ∞
0

1

κν

∂Bν(T )

∂T
dν∫ ∞

0

∂Bν(T )

∂T
dν

(92)

The concept of optical depth explains the phenomenon of limb darkening, a phe-
nomenon that causes the centre of a stellar disk to appear brighter than the edge. This
phenomenon is caused by the fact that, when one looks at the centre of the disk, one
sees to an optical depth of relatively hot gases. The same optical depth near the edge of
the disk penetrates only to gases at a lower temperature, as shown in Figure 8. Table 4
gives several values for solar intensity at various angles (measured in radians) from the
centre of the solar disk (Christensen 2015).

Problem 25 (**): Calculate the amount of limb darkening of the Sun under
the Eddington approximation and plot it together with the observational data
given in Table 4. Data are from Christensen (2015). See problem sheet: ”limb
darkening”.

4.3 Composition of the atmosphere: Boltzmann’s equation and Saha’s
equation

Two important equations determine the degree of excitation or ionization of a given
element at a specified temperature under the condition of local thermodynamic equilib-
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Figure 8: The same optical depth at the centre of the disk penetrates to hotter gases
than at the edge of the disk, resulting in limb darkening (anon n.d.a).

Table 4: Solar intensity at various angles from mid-centre to near the limb.
Angle in radians I(θ)/I(θ = 0)

0 1
0.45103 0.944
0.64350 0.898
0.79540 0.842
0.92730 0.788
1.04720 0.75
1.15928 0.67
1.26610 0.602
1.36944 0.522
1.47063 0.45

rium. The Boltzmann equation gives the ratio of the number of atoms with electrons
in an excited state (Nn) to the number with electrons in the ground state (N1):

Nn

N1
=
gn
g1

e−
∆E
kT (93)

where ∆E is the energy difference between the two levels, n is the principle quantum
number, and gn is the statistical weight. The statistical weight for hydrogen is 2n2.
Boltzmann’s equation can be used to determine the temperature at which a given per-
centage of atoms is raised to the first excited state. For example, a temperature of 32,000
K is needed to put 10% of the hydrogen atoms into the first excited state (Irwin 2007).
The temperature used in Boltzmann’s equation is defined to be the excitation tem-
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perature.

Whereas Boltzmann’s equation is concerned with energy levels, the Saha equation is
concerned with ionization states. The ratio of the number of particles in the K + 1
ionization state to the number in the K ionization state is given by

NK+1

NK
=

2UK+1

neUK

(
2πmekT

h2

)3/2

e−
χK
kT (94)

where U are the partition functions for the K + 1 and K states, ne is the electron
density, me is the mass of the electron, and χK is the energy required to expel the
electron from the ground state of the Kth ionization state. The partition function, U, is
defined as

U ≡
nmax∑
n=1

gne
−∆En

kT (95)

and is given in parameterized form as

log(U) = 0.3013− 0.00001 log(5040/T ) (96)

Saha’s equation can be used to show that ionization occurs at lower temperatures than
excitation.

Problem 26 (***): (A) Use two lines of the Pashchen series of hydrogen, along
with the general curve of growth of the Sun, to calculate the number of hy-
drogen atoms with electrons in the n = 3 orbital above each square metre of
the Sun’s surface. The Paschen series results from an electron making an up-
ward transition from the n = 3 orbital of the hydrogen atom. (B) Then use
the Boltzmann and Saha equations to calculate the total number of hydro-
gen atoms above each square metre of the Sun’s surface. See problem sheet:
”amount of solar hydrogen” for relevant data and a plot of the solar curve
ofgrowth(Aller1971).

Problem 27 (***): The atmosphere of a DB white dwarf is pure helium. Use
Saha’s equation to calculate the ionization ratios NII/NI and NIII/NII for tem-
peratures of 5,000 K, 15,000 K, and 25,000 K. Express NII/Nt (Nt = total number
of ions) in terms of these ratios and plot NII/Nt for temperatures from 5,000
K to 25,000K. Determine the temperature at which half the helium is ionized.
Seeproblemsheet:”Sahaequation”forrelevantdataandequations.
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5 Opaque Gas: Interiors of Stars

5.1 Equations of Stellar Structure

Stellar structure is described by four equations, plus an equation of state, a formula for
opacity, and a formula for the nuclear fusion rate. Boundary conditions pertain to some
of the equations. The four equations are the equation of hydrostatic equilibrium,

dP (r)

dr
= −GMrρ(r)

r2
(97)

the equation of mass conservation,

dMr

dr
= ρ(r)4πr2 (98)

the equation of energy conservation,

dLr
dr

= ερ(r)4πr2 (99)

and the equation of energy transport.

dT

dr
= − 1

4πr2λ
Lr (100)

where P is the pressure at distance r from the centre, G is the gravitational constant, M
is the mass at distance r, ρ is the density at distance r, L is the luminosity at distance
r, T is the temperature, ε is the energy density (energy released by a unit of mass
in one second), and λ is the coefficient of conductivity. These equations yield only
approximations because of the poorly understood effects of convection within a star, a
problem investigated in mixing-length theory. In addition, the density, temperature,
and composition of the star must also be related to pressure (equation of state), opacity,
and nuclear fusion rate.

The constitutive equations, together with the ideal gas equation of state,
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PV = nRT (101)

where P is the gas pressure, V is the volume, n is the number of moles, R is the ideal gas
constant, and T is the temperature, give rise to several other useful equations, including
an equation for the central temperature:

T =
PµmH

ρk
(102)

where µ is the mean molecular weight, mH is the mass of the hydrogen atom, and
k is Boltzmann’s constant; an equation for internal pressure scale height, which is an
estimate of the size of a convective bubble:

Hp =
P

ρ
gav (103)

where the average internal gravitational acceleration, gav, is

gav =
GM

2(
r
2

)2 (104)

and an equation for the adiabatic sound speed:

vs =

(
5Pav
3ρ

) 1
2

(105)

where Pav is the average internal pressure. Adiabatic sound speed is an important
factor in helioseismology, the study of p-waves (pressure waves) in the Sun. The waves
are thought to result from convective-zone turbulence near the surface and are measured
by Doppler shifts at the solar surface itself. Since the waves penetrate the entire Sun,
changes in the propagation of the waves indicate structural details deep within the Sun.
To understand how convection operates in a star, Mixing-length theory is used. Two
important equations from Mixing-length theory are given here. The first is the equation
for the temperature gradient difference:

δ

(
dT

dr

)
= 1/4

3
√

4

(
L µavg2 mH

2
( g

TB

)3/2
k−2π−1rcb−2ρb−1Cp

−1α−2 1√
β

)2/3

(106)

Here, rcb is the distance to the base of the convective zone; ρb is the density at the
base of the convective zone; Cp is the specific heat at constant pressure; µavg is the
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average mean molecular weight; mH is the mass of the hydrogen atom; k is Boltzmann’s
constant; g is the gravitational acceleration at the base of the convective zone; TB is the
temperature at the base of the convective zone; and α is a free parameter that can be
set equal to 1. The second is an equation for convective velocity:

vc = 0.00008311561192
√
β

√
TB

g
k α2 µavg−1 mH

−1 (107)

Here, β is another free parameter that can be set equal to 1/2.

Problem 28 (***): For the Sun, calculate the (A) central pressure, (B) cen-
tral temperature, (C) pressure scale height, (D) adiabatic sound speed for a
monatomic gas, and (E) the adiabatic convection by Mixing-length Theory. Data
are from Bahcall, Basu & Pinsonneault (1998), Basu & Antia (1997), Langer
(2016), and Mullan (2010). See problem sheet: ”Sun” for relevant data and
equations.

Video: The file ”granulation.mpg” (NASA 2014b) in the ”Videos” folder shows
convective bubbles as they arrive at the surface of the Sun. These are called
“granules”, and the effect caused by them is called “granulation”.

5.2 Polytropes

A star may be modelled as a polytrope, which is a sphere of gas in which the pressure
(P) and density (ρ) are related by the equation of state:

P = κ ργ (108)

where

γ ≡ n+ 1

n
(109)

and where n is known as the polytropic index and κ varies from star to star but is a
constant for any individual star. If the polytropic equation of state is combined with the
equations of stellar structure, the resulting second-order differential equation is known
as the Lane-Emden equation:

d2Y

dx2
+

2

x

dY

dx
+ Y n = 0 (110)

where a radial coordinate, r, is scaled as
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x =
r

rn
→ rn =

√
(n+ 1)Pc

4πGρ2
c

(111)

and

Y (r) =

(
ρ(r)

ρc

)1/n

(112)

with Pc and ρc being the central pressure and density, respectively. Analytical solutions
exist for n = 1 and n = 2. Unfortunately, there is no analytic solution for n = 3, which
is the polytropic index most closely related to a typical star, such as the Sun.3 For this
index, the Lane-Emden equation must be solved numerically. The Lane-Emden equation
is based on hydrostatic equilibrium and mass conservation and portrays the star as a
polytrope. This idealized representation of a star can yield only an approximation of the
state variables of a star; however, in many cases it is a relatively accurate approximation,
providing a simple method for understanding the workings of a star.

Problem 29 (***): Use the Lane-Emden equation to create a basic model for
the white dwarf Sirius B. Calculate and provide plots of density and pres-
sure. Note that a polytropic index of 3 applies to all white dwarfs. A
method devised by Larson (2012) is employed in the problem-sheet calculations.
Additional information from Koberlein and Meisel (2013) is provided for the
Mathematica R© notebook. See problem sheet: ”Lane-Emden equation” for rele-
vantdata.

6 Stellar Evolution

All stars condense from large gas clouds. Gravity pulls them together while heat from
friction and radiation, along with local disturbances such as supernovae (See Section
6.2.3), tend to keep them from coalescing. In general, this gravitational collapse takes
place in a period of time known as the Kelvin-Helmholtz timescale.

tkh =

(
R3

GM

) 1
2

(113)

where R is the radius of the gas cloud, G is the gravitational constant, and M is the
mass of the cloud. This timescale is related to the gravitational binding energy of a
sphere:

3Extracts from the Standard Solar Model are given in Appendix J, Table 17.
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U =
3GM2

5R
(114)

and the central pressure of a gravitationally bound sphere:

Pc −
M2G

R4
(115)

Once this protostar reaches the Hayashi line, which is a nearly vertical line to the
right of the Hertzsprung-Russell diagram (See Figure 9), it has achieved enough mass
to form a star. It then proceeds to the left on the diagram until it reaches the Zero-
Age Main Sequence (ZAMS). This process takes about a million years for low-mass
stars and around 10,000 years for high-mass stars. The subsequent evolution of the star
depends mainly on its mass and, to a lesser extent, its composition. The area to the
right of the Hayashi line is known as the Forbidden Zone, since objects in this area
of the Hertzsprung-Russell diagram cannot achieve hydrostatic equilibrium from nuclear
fusion.

Figure 9: Herztsprung-Russell diagram showing the Main Sequence Line, the Hayashi
line to the right, and the Forbidden Zone to the right of the Hayashi line. (Peel n.d.).

Whether or not a gas cloud can condense into a star depends largely on the relationship
between the gravitational potential energy and the kinetic energy of the temperature of
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the gas. In a relaxed gravitational system, that is to say a system that has been together
over a long period of time, the relation between potential and kinetic energy may be
expressed by the virial theorem:

〈T 〉 =
1

2
〈U〉 (116)

where T = kinetic energy and U = potential energy.

Information in the remaining subsections of this section is drawn largely from Larson
(2013).

6.1 Protostars

A failed star (Figure 10, Box 1). If the mass of the condensing gas cloud is less
than about 0.08 solar masses, gravitational compression cannot provide enough heat
to start hydrogen fusion in the core. What heat there is moves throughout the object
by means of convection. Deuterium fusion may occur in some cases, but the small
amount of deuterium will not provide a lasting power source. This object is a failed
star and is known as a brown dwarf. It will not evolve further, but simply cool into a
massive planet-like object. Protostars more massive than about 0.08 solar masses evolve
onto the ZAMS, where they spend most of their lives fusing hydrogen to helium. The
subsequent, post-ZAMS evolution of these stars on the Herzsprung-Russell diagram is
shown in Figure 11.

Problem 30 (***): Derive the Jeans-mass formula. Then Calculate the Jeans
mass of a typical molecular cloud with a temperature of 10 degrees K, a molec-
ular hydrogen number density of 1010, and a corresponding density of 2mH nH2.
This problem sheet draws on information from Mihos (2005) and Pettini (2014).
Seeproblemsheet:”Jeansmass”.

6.2 Law-mass stars

Stars with masses less than about three to four times the solar mass (See Figure 11) are
considered to be low-mass These stars spend billions of years on the Main Sequence, fus-
ing hydrogen into helium before evolving off the Main Sequence as red giant stars.

6.2.1 Protostars, Main Sequence, red giants, horizontal branch, asymptotic
branch

Early stages of evolution (Figure 10, Box 2a).
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Protostars. Protostars more massive than about 0.08 solar masses evolve onto the
ZAMS, where they spend most of their lives fusing hydrogen to helium. These young
stellar objects (YSOs) may go through a T-Tauri stage, characterized by violent and
immense expulsions of gas and the formation of proto-planetary disks (proplyds).
Many T-Tauri stars form in binaries. It is thought that their rapid rotation transfers an-
gular momentum to the proplyd by means of magnetic fields, Alfvén waves, and powerful
stellar winds (Zanni 2014). During this period, the star is probably being powered by
gravitational collapse and lithium fusion (Martin, Rebolo, Magazzu & Pavlenko 1994).
It is believed that the Sun passed through a T-Tauri stage in its early evolution (de Pater
& Lissauer 2010). Protostars achieve hydrostatic equilibrium when the outward force of
the energy released from the fusion process balances the inward force of gravity.
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Figure 10: A flowchart indicating the evolution of stars of different masses. The num-
bered boxes refer to the numbered paragraphs following the chart. Based on Larson
(2013).
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Figure 11: Herztsprung-Russell diagram showing the late evolution of stars of different
masses away from the Main Sequence Line. Masses are indicated in units of solar mass.
(anon n.d.b).

In stars with masses from 0.08 to about 0.26 of a solar mass, convection is the means of
heat exchange throughout. Stars in the range 0.26 to 1.5 solar masses have a radiative
core. Above this is a convective zone, (also known as a convection zone) where
upwelling of gases brings light and heat to the surface. Through this zone a photon moves
by means of a random walk, taking about a million years to reach the surface. The
top of this zone exhibits granulation caused by this upwelling. Above the granules is
the photosphere, from which light emerges; the chromosphere, a much less dense and
thicker region above the photosphere; and the corona, the tenuous outer atmosphere.
Magnetic disturbances near the surface give rise to star spots. A typical star in this
class is the Sun. See Figure 13 for a cutaway diagram of the Sun, showing its structural
features. In low-mass stars generally, the primary means of fusion is the proton-proton
chain (p-p chain). (See Figure 12.)

Problem 31 (**): (A) Calculate the Main Sequence lifetime of the Sun. (B)
Devise a formula in solar units relating the Main Sequence lifetime to stellar
mass, and use it to calculate the Main sequence lifetimes of (i) a 17-solar-
mass star, and (ii) a 0.34-solar-mass star. This problem draws on information
from Irwin (2007). See problem sheet: ”main sequence lifetime” for relevant
data and equations. See Table 1 for magnitudes and bolometric corrections.
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Figure 12: The reactions of the proton-proton chain, with percentages indicating the
probability of each path in the chain. The total effect of the reactions is to fuse hydrogen
to helium (anon n.d.b).

Red Giant (Figure 10, Box 2b). When a low-mass star exhausts its core supply of
hydrogen, it leaves a core composed primarily of helium. Without sufficient heat to fuse
helium, the core contracts, leading to an increase in kinetic and thermal energy. This
ignites hydrogen fusion in a shell surrounding the core. This process continues until
contraction is blocked by electron degeneracy. The shell creates helium, which rains
down into the core, increasing the core mass and pressure. The temperature and density
of the core increase. Meanwhile, the outer part of the star expands, resulting in a red
giant. At this point in the star’s evolution, the first dredge-up occurs, as convection
brings core material to the surface. Spectra indicate a reduction in the ratios of 12C/13C
and C/N as a result of hydrogen fusion above the core.

Horizontal Branch (Figure 10, Box 2c). Eventually, the core temperature reaches
108 K and the pressure reaches 108kg/m3, causing helium fusion to begin simultaneously
throughout the core as a helium flash. This releases the electron degeneracy in the core
but is not visible at the surface. The temperature increases while luminosity decreases,
and the star achieves hydrostatic stability once again, with helium fusing to carbon in the
core. The star’s position on the Hertzsprung-Russell diagram is now on the horizontal
branch, where it will remain for around 108 years. During this period, the slow capture
of neutrons by atomic nuclei creates approximately one-half of the elements more massive
than iron. This process is known as the S-process. Some stars, known as RR Lyrae
stars, pulsate during their time on the horizontal branch. (See Section 7)
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Figure 13: A cutaway diagram of the Sun, showing its zones and features (Song 2012).

Asymptotic Branch (Figure 10, Box 2d). When helium is exhausted in the core,
fusion there ceases, and the core begins contracting. The contraction produces heat that
ignites a helium-fusing shell around the core, resulting in the so-called third dredge-up,
which is actually the second dredge-up for stars in this mass range. Shrinkage of the core
again leads to electron degeneracy, and the star more or less retraces its path back along
the horizontal branch. This return path is known as the asymptotic branch. During
this period, the carbon from the helium-burning shell settles into the core. The energy
produced by helium to carbon fusion in the shell ignites hydrogen to helium fusion in
an outer shell. This results in the outer atmosphere expanding greatly.

Reimers’ (1977) mass-loss rate formula is an empirical formula that estimates the rate
of mass loss for stars on the asymptotic giant branch (AGB):

d

dt
M = −4× 10−13η

(
Lr

M

)
Msun yr

−1 (117)

where η is a free variable of order 1; L is the luminosity of the AGB star in solar units;
M is its mass in solar units; and r is its radius in solar units.

Problem 32 (**): Use Reimers’ formula to estimate the time that it would take
a one-solar-mass red-giant star to be reduced to the mass of its degenerate
carbon-oxygen core, approximately 0.6 of its original mass. See problem sheet:
”AGBmassloss”.
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6.2.2 Planetary nebulae and white dwarfs

Planetary Nebula (Figure 10, Box 2e). As the star runs out of hydrogen and
helium, fusion ceases, and electron degeneracy takes over permanently. The star pulsates
strongly, ejecting about half of the stellar material into space. The degenerate carbon
core reaches a density of 1010kg/m3 and, being extremely hot, ionizes the surrounding
cloud of ejected material, causing it to glow. The cloud is known as a planetary nebula.

White Dwarf (Figure 10, Box 2f). Eventually, the cloud dissipates into space,
leaving the slowly cooling core, known as a white dwarf. This object will cool for
many billions of years, eventually becoming cold and dark. Its constituent carbon and
other elements will never be released into space. A star whose mass lies between three
and six times the solar mass may end its life as an oxygen-neon white dwarf. If, after
expelling its planetary nebulae, it retains a mass of more than 1.4 times the solar mass,
electron degeneracy is not sufficient to support it, and it will collapse further into a
neutron star. (And see Step 4a.)

6.2.3 High-mass stars

CNO Cycle (Figure 10, Box 3a). Stars with masses greater than about 1.5 times
the solar mass are capable of fusing hydrogen to helium through two processes, the p-p
chain (Figure 12) and the CNO cycle (Figure 14). Because of the vastly greater heat in
the cores of such stars, helium and carbon may also be fused in the core. These stars
have convective cores surrounded by a radiative zone, reaching to the surface.

Triple-Alpha Process (Figure 10, Box 3b). In a few million years, a massive star
will exhaust its core hydrogen supply, and the fusion of helium to carbon will gradually
take over in the core, using the triple alpha process (Figure 15). The core contracts
somewhat, and the higher temperature enables hydrogen in a shell surrounding the core
to begin fusing to helium. The star is now a luminous red giant. Stars with masses in
the range of four to eight solar masses experience a so-called second dredge-up at this
stage, as helium is exhausted in the core, and the products of the CNO reactions are
mixed by convection. 4He and 14N increase on the surface, while 12C and 16O decrease.
Less massive stars do not experience the second dredge-up.

Blue Giant (Figure 10, Box 3c). When the core helium is exhausted, helium-to-
carbon fusion ceases. The core contracts, and some of the carbon and oxygen in the
core begins to fuse into neon. For stars with masses between about three and 15 solar
masses, a degenerate carbon core results, leading to a carbon flash. Above 15 solar
masses, the carbon core becomes convective. The star assumes an onion-like structure,
with carbon-to-oxygen-to-neon fusion in the core, surrounded by a helium-to-carbon
fusing shell, surrounded in turn by a hydrogen-to-helium fusing shell. As the amounts
of the various elements change, the temperature of the star changes, and it transforms
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Figure 14: The carbon-nitrogen-oxygen cycle of reactions fusing hydrogen to helium in
massive stars (Napolitano 1997).

from a red giant to a blue giant and possibly back to a red giant again. Throughout
this process, the star maintains hydrostatic equilibrium. If the final mass is less than
about five or six times the solar mass, the star then follows steps 2e and 2f to its demise
as a white dwarf or neutron star, depending on its ultimate mass.

Fusion up to Iron (Figure 10, Box 3d). If the star has more than six times the
Sun’s mass, it continues fusing heavier elements up to iron. This results in shells of neon
from oxygen fusion, magnesium from neon fusion, silicon from magnesium fusion, and
iron from silicon fusion. The fusion products gradually gravitate to the core. No further
fusion is possible since iron cannot be fused without an input of energy. At this point,
there is nothing further to support the star against gravity, and the star experiences a
catastrophic cessation of hydrostatic equilibrium.

Supernova (Figure 10, Box 3e). In a few seconds, the star now implodes and then
rebounds in a supernova. Photodisintegration resulting from the release of the
gravitational energy splits the nuclei of the heavy elements that had been built up over
the lifetime of the star. Enormous pressure at the core melds electrons and protons
into neutrons, releasing neutrinos in a process of reverse beta decay. The neutrinos
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Figure 15: The triple-alpha process that converts three helium nuclei (alpha particles)
to one carbon nucleus in massive stars (anon 2015).

remove energy from the star and expand the outer layers. The implosion raises the core
density to 1015kg/m3, causing it to rebound and in turn push the density to 1018kg/m3.
The explosion sends shock waves and materials shooting outward into space along with
enormous numbers of neutrons. The neutrons combine with atoms, forming heavier
atoms in what is known as the R-process. In this way all the elements above iron in
the Periodic Table are formed. A massive core remnant is left behind.

Video: The file ”supernova .mov” (Supernova explosion. (artist’s impression) 2013) in
the ”Videos” folder shows an artist’s rendition of a supernova explosion, as
described above.

Problem 33 (***): (A) Find the total radio luminosity of the supernova rem-
nant Cas A over the frequency range 0.1 ∗ 10−1 GHz < ν and ν < 100 GHz in ergs;
(B) find the minimum-energy magnetic field in Cas A; (C) find the minimum total
energy from cosmic rays and magnetic fields, according to the radio emission of
Cas A; (D) find the minimum energy in relativistic electrons; and (E) determine
how often supernovae must occur in the Galaxy to maintain the observed syn-
chrotron luminosity, assuming Cas A is a standard supernova remnant, that the
total Galactic synchrotron radiation is approximately 1000 times that of Cas
A, and that all energy of cosmic-ray electrons converts to synchrotron radia-
tion. This problem sheet is based on Condon and Ransom (2006) with additional
data from Pacholczyk (1970). See problem sheet: ”supernova” for relevant data
andequations.

Neutron Star (Figure 10, Box 4a). If the mass of the core remnant is less than about
three times the solar mass, it is compressed under its enormous mass into a neutron
star with a density similar to that of an atomic nucleus and a diameter of about 10
km. It is now supported by neutron degeneracy pressure, which is even greater
than electron degeneracy pressure. Conservation of angular momentum causes it to spin
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at rates up to thousands of kilometres per second, but its immense gravity holds it
together.

Pulsar (Figure 10, Box 4b). A newly-formed neutron star generates powerful mag-
netic fields through a process of gyromagnetism. Charged particles in this field are
accelerated by curvature radiation (See Section 2.4), resulting in emission of electro-
magnetic radiation across all wavelengths. The magnetic axis deviates by a small angle
from the rotation axis. If the emission cone is aimed at the Earth, astronomers observe
a flashing signal, much like a lighthouse beam, but much more rapid. Such a neutron
star is known as a pulsar. The minimum spin period of a spherical object with uniform
density is

ρ >
3π

GP 2
(118)

The fastest pulsar thus far discovered has a period of 1.4 ∗ 10−3s. To hold together at
this rate of spin, its density would have to be greater than 1014g/cm3, approximately
equal to the density of nuclear matter. In addition, the spin rate constrains the star’s
diameter, which must be in the range of about 10.5 to 11.2 km.

Any theory of electromagnetic emission from pulsars must be able to explain the ex-
tremely wide range of emission from gamma rays all the way to radio waves. Pulsars
have been observed over the entire spectrum of electromagnetic radiation. It is known,
for example, that thermal X-rays are emitted from the surface of a neutron star. Most
other radiation appears to originate in two regions of the magnetosphere: the polar
cap and the outer gap (See Figure 16.) The other regions of the star are shielded by
ambient plasma, which effectively insulates the electric field in those areas.

At the pulsar’s pole, the magnetic field strength may be calculated as (Carroll & Ostlie
2007)

Bpo = 1/4
√

3
√

2

√
µ0c3II P × PP

π
π−1R−3 (sin (θ))−1 (119)

where II is the moment of inertia, P is the period, PP is the spin-down rate, R is the
radius, and θ is the angle between the magnetic field axis and the axis of rotation. At
the surface, the magnetic field strength is (Lyne & Graham-Smith 2012)

Bsu = 3.2× 1019
√
P × PP (120)

Radio emission originates primarily in the polar cap, but it cannot be explained by
the same mechanisms that produce high energy emission. Effective temperatures of
up to 1030 ◦K, leading to particle energies of the order of 1026 eV would be required.
No theory of physics can account for such extreme particle energies, even from pulsars
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Figure 16: A model of a pulsar, showing the rotation axis, the magnetic axis, the
magnetic field lines, and the light cylinder (Harvard Smithsonian Center for Astrophysics
2011).

(Ginzburg & Zheleznyakov 1975). Therefore, some mechanism must exist to make radio
emission from pulsars coherent in order to be perceived. Local resonant conditions are
required for this. Also, the emission must originate in small regions and come from a
restricted range of heights or even a single height in the magnetosphere, known as the
emission radius, r:

r = RP
( ρ

2.5o

)2
(121)

where R is the radius of the light cylinder, P is the period, and ρ is the angular width
of the field lines at the edge of the polar cap. This yields a value of 150-200 km for
normal pulsars (Lyne & Graham-Smith 2012). The outer magnetosphere gap is the
region from which most radiation is emitted; however, normal radio emission from the
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polar cap arrives at the observer before the leading peak from the outer gap (Lyne &
Graham-Smith 2012).

A number of theories of pulsar radio emission have been proposed, attempting to ex-
plain the four orders of magnitude in the period of rotation of pulsars, and six orders
of magnitude in the strength of their magnetic fields. A successful theory must also
explain the immense, wide-band range of radio frequency from approximately 100 MHz
to around 100 GHz. Generally theories of pulsar emission fall into three main divisions:
those that involve antenna mechanisms that emit bunches of particles, those that in-
volve relativistic plasma emission, and those that involve maser mechanisms involving
amplified stimulation of microwave radiation (Lorimer & Kramer 2005). At present,
the favoured theory is a maser mechanism.

X-ray Emission. Two emission processes generate X-rays from young pulsars. X- rays
of thermal origin emanate from the surface of the star. Non-thermal X-rays originate
in the magnetosphere (Seward & Charles 2010). When considering isolated pulsars,
namely, pulsars that are not in binary or multiple star systems, several sources of energy
are available. These include the star’s internal heat, the decay of the magnetic field,
energy from rotation, and accretion. Which of these energy sources will predominate
depends upon the age of the star. When a neutron star is first formed in a supernova
explosion, its internal temperature is of the order of 1011K. In the early stages of the
star’s evolution, the temperature drops to about 109K. Neutrino emission over the
next million years or so reduces the temperature of the star’s surface to approximately
106K. At this temperature, the primary black body radiation is in the form of soft
X-rays (i.e. 3 ∗ 1016 to 3 ∗ 1018 Hz (Haynes & Lide 2011)). Once the star ages beyond
approximately 106 years, it becomes too cool for black-body X-ray emission. At this
point, the magnetosphere takes over as the primary emission engine. The magnetosphere
generates radiation, including X-rays, while damping rotational energy. These are non-
thermal X-rays that follow a power law spectrum and show patterns of emission that
are anisotropic (Mereghetti 2011).

Some neutron stars use the decay of the magnetic field as the dominant source of energy.
These stars are called magnetars. Magnetars are unlike normal pulsars in several
respects. First of all, their magnetic field intensities are far greater. In addition, the
magnetosphere is not dipolar in form. Instead, astronomers believe that it is in the
form of a twisted dipole. As Mereghetti has stated, “...this causes the presence of
large-scale currents with high charge density flowing in the magnetosphere and affecting
the emerging spectra by resonant scattering” (2011, p. 353). It is thought that these
objects contain a dense plasma in the magnetosphere and that this plasma has a twisted
configuration. This is believed to lead to resonant cyclotron scattering, affecting thermal
photons emitted from the surface of the star. Theoretical models have managed to
predict the behaviours of several of these stars. However, high energy X-ray tails are
not easily explained by these models. These tails might be the result of bremsstrahlung
from the heated surface of the star or synchrotron emission from relativistic pairs high
above the surface (Mereghetti 2011).
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A class of X-ray neutron sources whose X-ray to optical flux ratios, F x /F opt , are
in the range 104 to 105 are referred to as X-ray dim isolated neutron stars. These
values are typical of isolated neutron stars; and neutron stars in this group have soft
thermal spectra, spin periods of 3 to 12 seconds, and luminosities of 1023 to 1025J s−1.
They are optically very faint and exhibit no radio emission, although this may be due
to their orientation. Their temperatures indicate that they are roughly 106 years old
and therefore depend upon residual thermal energy for their power (Mereghetti 2011).
Early spectra of these objects indicated blackbody curves. Newer data have shown more
complicated energy patterns. Broad absorption lines in the range of 0.2 to 0.8 keV
have been detected. Many of the sources show harmonic patterns in the spacings of the
lines. These are considered to be proton cyclotron lines or possibly atomic transitions
of hydrogen and helium affected by the magnetic field in such a way as to produce soft
X-rays. For this to happen, the magnetic field must be in the range of 1013 to 1014 G,
and field strengths in this range have been detected (Mereghetti 2011).

Four main classes of X-ray pulsars are recognized (Lorimer & Kramer 2005): Crab-like:
strong magnetospheric emission; double-peaked profiles aligned with optical profiles if
these are present. Vela-like: complicated pulse profiles not aligned with radio or gamma-
rays. Middle-aged: mixed thermal and non-thermal emission; energy dependent profiles.
Millisecond: data described by power-law or black-body spectra equally well; probably
a non-thermal magnetospheric origin.

Gamma-ray Emission. In the case of gamma rays, the main problem is determining
from what part of the pulsar the gamma rays originate. Two main models attempt to
explain gamma-ray emission from pulsars: the polar-cap model and the outer-gap model.
According to the polar-cap model, gamma radiation originates above the polar caps in
the same area where radio emission is thought to originate. The emission process, how-
ever, is different in the two models. In the polar region, upward cascades of particles,
moving along magnetic field lines, scatter infrared photons by a process of inverse Comp-
ton scattering. As the photons are scattered, they gain energy and eventually emerge as
gamma-ray photons. Polar-cap models predict a cutoff, delineating the high energy spec-
trum (Lorimer & Kramer 2005). The other main model, the outer-gap model, involves
high energy reactions near the light cylinder. In this region, pair production is common,
and particle acceleration is expected. Synchrotron emission of downward moving pairs
combines with curvature radiation to produce gamma rays. Near the poles the rotation
induces a strong electric field along the direction of the local magnetic field, so electrons
are accelerated to a very high Lorentz factor along the magnetic field lines. Strong cur-
vature radiation must then be expected which would appear to the outside observer as
gamma-ray continuum emission. The apparently radio-quiet pulsars can sometimes be
detected through their gamma radiation.
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Problem 34 (*): Estimate the surface and polar magnetic field strengths of
the Vela pulsar. This pulsar is 104 metres in diameter and has a mass 1.4 times
that of the Sun. The rotation and magnetic axes are separated by an angle of
78 degrees. Its rotation period is 0.08933 of a second, and its spin-down rate is
1.250080000 ∗ 10−13. This problem draws on data from Bates, Bailes, Barsdell et
al. (2012), Carroll and Ostlie (2007), CSIRO (n.d.), and Lyne and Graham-Smith
(2012). See problem sheet: ”pulsar magnetic field”.

6.3 Gamma-ray bursters

Gamma-ray bursters An astrophysical phenomenon that is not yet well understood
is the so-called gamma-ray bursters. These include the soft gamma-ray repeaters
(SGRs) and standard gamma-ray bursters (GRBs). The pulse periods of soft
gamma-ray repeaters are slowing down at a rate much greater than the slowing of the ro-
tation rates of pulsars. Calculations show that such a slow-down rate requires a magnetic
field in the neighbourhood of 5∗1010 T. This amount of magnetic force is found in mag-
netars, which are neutron stars that have been set into extremely high rates of rotation
by the supernova explosions that created them. A dynamo effect produces the intense
magnetic field, which, in turn, is responsible for the slowing of the rotation rate to a few
seconds after only some thousands of years. The slow rotation rate does not give rise to
the beaming effect that is seen in typical pulsars. Instead, the energy lost as the spin rate
decreases goes into heating the SGR, leading to a constant emission of x-rays. Mean-
while, the crusted surface of the neutron star occasionally cracks under the tremendous
pressure of the magnetic field. This seismic activity creates magnetic waves that react
with particle clouds to produce outbursts of radiation. However, the strongest bursts
are produced by unstable magnetic fields within the star that drop to a lower energy
level by twisting and reconnecting the magnetic field lines. This releases the magnetic
energy in the form of a tremendous burst of gamma rays (Varendorff 2001).

Even when SGRs are removed from the set of bursters under investigation, other compli-
cations remain. One of these is the tremendous time range of bursts. These may range
from fractions of a second to several minutes. The majority of standard bursters can
be roughly separated into two classes based on burst duration: short-term bursters
(around half a second) and long-term bursters (around half a minute). The burst pat-
terns also vary. The four main classes identified so far are (1) single-pulsed bursts, (2)
smooth bursts, (3) bursts with distinct and separated emissions, and (4) erratic bursts
(Varendorff 2001).

A theory of gamma-ray bursts must address, among others, the problem of the apparently
immense energy of the sources, up to 1047 J. Gamma-rays from these sources have been
observed at energies up to 100 MeV with a few even reaching the GeV level (Ghisellini,
Ghirlanda, Nava & Celotti 2009). This can be explained only if (1) the production region
is much larger than estimated, (2) the energy is produced under a highly relativistic
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regime, (3) the energy is emitted as a narrow beam, or (4) some combination of these.
A two-step process is envisioned: (1) the production of energy and (2) the dissipation of
the energy, resulting in gamma-rays and other electromagnetic frequencies (Varendorff
2001).

To achieve the requisite amount of energy, the entire process must he powered by a
hypernova collapse, resulting in a black hole. A Wolf-Rayet star, among the hottest
and most massive young stars in the Universe, may trigger the collapse by expelling vast
amounts of matter in the form of an intense stellar wind. This scenario could explain
the long-term bursts. Alternatively, the hypernova might be the result of the merger
of two neutron stars or a neutron star becoming engulfed in a black hole. This would
explain the short-term bursts. The spin energy of the black hole resulting from either
of these processes or of the material orbiting it can power an accelerated blast wave
that produces the gamma rays. Because of the pulse timing of the bursts, the source is
estimated to be about 100 km wide. It then must expand at a Lorentz factor of about
200 until, at about 108 km, the dissipating energy produces the gamma-ray burst. A
reverse shock then causes an optical flash (Varendorff 2001)

Compton scattering, in which free electrons scatter photons, dominates for gamma-ray
photons with energies from 0.51 to several MeV. At the higher end of the gamma-ray
spectrum, processes such as conversion of the gamma ray into an electron-positron pair,
absorption into an atomic nucleus, or interaction with other photons become significant.
These complexities have made modelling gamma-rays bursts difficult. All gamma-ray
bursters observed so far have been associated with galaxies at extreme distances from
Earth and therefore occurred when the Universe was much younger than it is now.
Because of these vast distances, it would appear that the bursts are the most powerful
explosions known, exceeding the power of a supernova by a factor of 100. Such intensities
defy understanding unless the observed explosions are beamed toward Earth and not
uniformly radiated from the source. However, if this is the case, then it must be assumed
that many more such explosions occur than are visible from Earth – perhaps as many
as 500 per day (Varendorff 2001).

Pulsar Cessation (Figure 10, Box 4c). Presumably, all young neutron stars are
pulsars, but only those oriented toward the Earth can be viewed as such. Eventually, a
neutron star will lose much of its angular momentum to the emission of radiation, and
it will spin down. At this stage, its magnetic dynamo weakens and it no longer beams
radiation into space.

6.4 Supergiants and hypergiants

According to Conti (n.d.), the evolution of the various types of ultra-massive stars follows
the patterns shown in Figure 17:

Black Hole (Figure 10, Box 5). If the mass of the core remnant of a dying supergiant
star is greater than about three solar masses, even neutron degeneracy pressure cannot

63



Figure 17: Conti’s scheme for the evolution of ultra-massive stars (O and OB). LBV =
luminous blue variable; WN = stars with strong emission lines of helium and nitrogen;
WC = stars with broad emission lines of helium, carbon, and oxygen; RSG = red
supergiant; BSG = blue supergiant; SN = supernova (Massey 2003).

support it against gravitational collapse. It becomes a black hole, a singularity in
space-time with infinite density, warping space-time so severely than even light cannot
escape from it. No known laws of physics can describe it.

For any object with mass, the escape velocity is

v =

√(
2GM

r

)
(122)

where r is the distance from the centre of mass M. In the case of a black hole, the effective
radius, known as the Schwarzschild radius, is given by the formula

rs =
2GM

c2
(123)

Plugging this value into the previous equation demonstrates that, at the Schwarzschild
radius, the escape velocity is equal to the speed of light. Thus, anything inside the
Schwarzschild radius, including light, is unable to escape from the gravitational pull of
the black hole. The Schwarzschild formula applies to a non-rotating black hole. Since
black holes are the result of collapsed stars, and since most stars rotate, it is reasonable
to assume that most black holes also rotate. In fact, their rotation is likely to be very
fast. It has been shown mathematically that a rotating black hole should have the form
shown in Figure 18.

This figure shows the rotation axis, the event horizon (defined by the Schwarzschild
radius), and the ergosphere. Within the ergosphere, frame dragging takes place.
Both space and time are pulled around by the rotation, and any object within the
ergosphere must rotate with it and cannot escape. The event horizon of a rotating black
hole is given by
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Figure 18: A model of a rotating black hole, showing the rotation axis, the event horizon,
and the ergosphere (Woland 2007).

rh
rg

= 1 +
√

(1− α2) (124)

where rg = GM/c2, and α = J/Mc, where J is angular momentum and M is the mass of
the black hole. At the centre of a black hole is a singularity, a point of infinite density.
In a rotating black hole, the singularly is smeared into a ring. All black holes can be
completely described by their mass, their angular momentum, and their charge.

Ultra-luminous X-ray Sources. Ultra-luminous X-ray Sources (ULXs) are extremely
powerful X-ray emitters (2 ∗ 1033 W) that appear to exceed the Eddington limit
for accretion for stellar mass objects (Pasham, Cenko, Zoghbi, Mushotzky, Miller &
Tombesi 2015). They are missing from most galaxies, and those galaxies that contain
them, both spiral and elliptical, usually have only one. Furthermore, they seem to be
more common in the distant Universe than in relatively nearby galaxies, suggesting that
many of them have died out in recent cosmological time. Investigations have indicated
that a significant percentage of ULXs are background objects, namely active galactic
nuclei (See Section 8.3), while others appear to be supernovae (Swartz, Ghosh, Tennant
& Wu 2004). However, a large proportion of ULXs appear to result from accretion onto
an intermediate-mass black hole (102 − 104 solar masses (Pasham, Strohmayer &
Mushotzky 2015)), a type of object that, until recently, was not believed to exist. Re-
cent investigations have, however, reported the discovery of such objects, and these are
thought to comprise the previously unexplained group of ULXs. An additional finding
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that currently baffles astronomers is the observed 3:2 resonance of flare periods, seem-
ingly related to the mass of the ULX (Pasham, Cenko, Zoghbi, Mushotzky, Miller &
Tombesi 2015).
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7 Variable Stars

Many stars exhibit variations in luminosity. These can be divided into two main groups:
short-term variables and long-term variables. The short-term variables are often referred
to as pulsating stars. Figure 19 shows the positions of the various types of variable
stars on the Hertzsprung-Russell diagram.

Figure 19: The Hertzsprung-Russell diagram, showing the positions of the main types
of variable stars (Rursus 2008).

The short-term pulsating stars include the two main types of Cepheid variables, classical
Cepheids and W Virginis stars, also known as Type I and Type II Cepheids,
respectively. The role of Cepheid variables as standard candles was discussed above
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in Section 3.4. The older Type II Cepheids belong to population II and are thus more
deficient in metals than are the Type I Cepheids.

Another type of pulsator, the RR Lyrae stars, also exhibit a period-luminosity re-
lationship and can, therefore, be used as standard candles to a distance of about 200
kiloparsecs. Different types of RR Lyrae stars are identified by their different light
curves. These stars are found on a portion of the Hertzsprung-Russell diagram known
as the instability strip. Finally, a type of yellow supergiant known as RV Tauri stars
show somewhat longer pulsation periods of up to 100 days. These stars show alternating
deep and shallow minima in their light curves.

The long-period variable stars have periods that may be regular or irregular and that
range from months to years. The primary group are the Mira variables, with regular
periods ranging from 200-600 days. Data for the primary types of pulsating stars are
given in Table 5.

Table 5: Some types of pulsating stars (Weiss et al. 2004, 2006)

Type Period Range Period Population Spectral Types Absolute
(days) (days) Magnitude

RR Lyrae 0.06 to 24 0.5 II A2 to F6 0.0 to +0.5
Classical Cepheids 1 to 50 5 to 10 I F6 to K2 -0.5 to -6
W Virginis Stars 2 to 45 12 to 24 II F2 to G6 (?) 0 to -3
RV Tauri Stars 20 to 150 75 II G, K ∼ -3
Semi-Regular Red Variables 100 to 200 100 I and II (L), M, R, N, S -1 to -3
Long-Period Variables 100 to 700 200 I and II Me, Re, Ne, Se +1 to -2

Problem 35 (***): Given that the mass of a typical Cepheid variable is 1031

kg., the mass of its surface layers is 1026 kg., and its initial radius, velocity,
and pressure at time zero are, respectively, 1.7 ∗ 1010 m., 0 m/s, and 5.6 ∗ 104N/m2,
calculate the star’s rate of change in surface velocity, radius, and pressure,
and plot the results. This problem follows parts of a class exercise by Carroll
and Ostlie (n.d.) and contains additional information from Isles (2010). See
problemsheet:”pulsatingstar”.

Video: The file ”variable star.mpeg” (Brown, n.d.) in the ”Videos” folder
shows the variation in size and colour of a pulsating star.
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8 Stellar Systems

8.1 Multiples

It is estimated that 50%-80% of all stars are in systems of two or more stars, bound
by gravity (Kachelrieß n.d., p. 36). The majority of these are binary systems. Aside
from the so-called optical binaries, which are not gravitationally bound binaries but
merely stars that appear along the same line of sight, there are five main classes of
gravitationally bound binary systems:

• Visual binary: Both stars can be seen with a telescope;
• Astrometric binary: Only the brighter star is visible. Its position varies peri-

odically, indicating the presence of an orbiting star;
• Spectroscopic binary: Orbital motion causes a Doppler shift in the wavelengths

of spectral lines. The spectrum of one or both stars may be visible;
• Eclipsing binary: The fainter star passes in front of the brighter star, causes

periodic fluctuations in brightness;
• Spectrum binary: The spectrum shows a mixture of the lines of two stars of

different spectral classes.

By using Kepler’s laws, astronomers can determine the masses, and sometimes the radii,
of stars in gravitationally bound binary systems.

Kepler’s First Law. The first law states that orbits are elliptical in shape. This is
only approximately true in the case of a multi-body system, but is highly accurate for a
binary system. Figure 20 shows the main elements of an ellipse.

The length a is the semi-major axis of the ellipse; b is the semi-minor axis; θ is the
true anomaly; the points F and F’ are the foci; and the ellipse is defined by the fact
that r + r′ is a constant, equal to twice the semi-major axis. The distance from the
centre of the ellipse to either focus is usually labelled c and is equal to the product of
the semi-major axis and the eccentricity e. Eccentricity may vary from zero (a circle) to
1 (a straight line). The general equation of an ellipse is

r =
a(1− e2)

1 + e ∗ cosθ
(125)

If m1 and m2 are the masses of the two stars in the binary system, the reduced mass
may be defined as
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Figure 20: The elements of an ellipse (Kachelrieß n.d.).

µ =
m1 ∗m2

m1 +m2
(126)

and it can be shown (from Newton’s force law) that

µ ∗ r̈ = f(r)r (127)

Kepler’s Second Law. This law states that the radius vector (r) sweeps out equal
areas in equal times. To show this, consider the angular momentum, L.

L = r × p = r × µv (128)

where p is the linear momentum and v is the velocity. Differentiating yields

dL

dt
= ṙ × µv + r × µv̇ = v × µv + r × F (129)

Therefore, since the gravitational force, F , is a central force,

dL

dt
= 0 (130)

In other words, the angular momentum is constant and the movement is confined to the
plane perpendicular to L.

Further,
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dA =
1

2
r × vdt =

1

2µ
dL (131)

But this is equal to zero, so the area swept out by the radius vector is constant with
respect to time.

Kepler’s Third Law. Kepler discovered a relationship between the orbital period
and the semi-major axis of a revolving body. As shown earlier (Equation (67)), New-
ton modified Kepler’s law so as to explain this relationship as a result of gravitational
attraction.

The true orbit and the apparent orbit. Both stars revolve in ellipses around their
common barycentre. Both ellipses are in the same plane, but the plane may be inclined
by an angle i from the plane of the sky. In this case, the true orbits are projected on
the sky as apparent orbits, as shown in Figure 21, where the primary star is taken as
the frame of reference with the secondary revolving around it, in order to simplify the
calculations. The outcome of the calculations will not be affected by this.

Figure 21: The elements of the true ellipse and the apparent ellipse (Alzner 2004, p.
57).
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The seven elements that describe the orbit are known as the Campbell elements.
They are

• a, the semi-major axis in arcseconds (Figure 20).
• e, the orbital eccentricity (Figure 20).
• Ω, the position angle of the ascending node, counted from north to the line of

nodes (the line where the plane of the apparent orbit intersects the plane of the
true orbit. At the ascending node, the secondary star is moving away from the
primary star (Figure 21).
• i, the orbital inclination, which is the angle between the plane of the apparent

orbit and the plane of the true orbit. Values up to and including 90◦ indicate
direct motion. Above 90◦ the orbit is retrograde (Figure 21).
• ω, the argument of the periastron, which is the angle from the node to the perias-

tron in the direction of motion (Figure 21).
• P, the period in years, from observation.
• T, the time at periastron, from observation.

For nearby, closely observed, visual binary stars, the Campbell elements of the apparent
orbit (without the inclination angle) can often be determined, using methods described
in various texts on celestial mechanics. See, for example, Chapter 17 of Tatum (2006-
2015). Although only five points are needed to define an ellipse (or any other conic
section), in practice, many more points are needed because of the error bars on each of
the points. Another, more common, method of obtaining the necessary data is to use
spectrum readings of the star’s radial velocity at specific times. Once a sufficiently large
number of points has been determined, a curve-fitting algorithm is applied to reveal the
apparent orbit, as in the following problem sheet, in which the assumption is made that
the apparent orbit is identical to the real orbit.

If Doppler shifts in a star’s spectrum indicate that the star is orbiting a common barycen-
tre because of a binary companion or planet, the following equations may be used to
determine the nature of the object orbiting the star. The radius of the star’s orbit around
the barycentre is given by

rs = 1/2
Pvs
π

(132)

where P is the period and vs is the velocity of the star. The radius of the orbit of the
orbiting object is given by

rp = 1/4 42/3 3

√
P 2GMs

π2
(133)

where G is the gravitational constant and Ms is the mass of the star. The mass of the
orbiting object is given by
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mp =
Msrs
rp

(134)

Problem 36 (***): A: The star 51 Pegasi shows a regular variation in redshift,
indicating that it is orbiting a common barycentre. This indicates the possibility
that it is a single-line spectroscopic binary or that it has a planet of significant
mass orbiting it. Fit a curve to the data given in the worksheet to determine
the orbital period of the object circling the star. B: Use the data given in
the worksheet together with the period to determine the mass and the orbital
radius of the object orbiting 51 Pegasi to determine whether it is a star or a
planet. Data are from Marcy et al. (1997) and Mayor and Queloz (n.d.). See
problemsheet:”curvefitting51Pegasi”.

In most cases, the apparent orbit and the real orbit are inclined to each other by an
angle i. To find the Campbell elements of the real orbit from an analysis of the apparent
orbit, including the angle i, one of several processes may be used, keeping in mind that
Kepler’s second law must apply to the real orbit. A straight-forward geometric procedure
for doing this is given in Chapter 17 of Tatum (2006-2015), but this can be done only if
the system is close enough to Earth for the orbit to be well resolved visually. When the
Campbell elements of the true orbit are known, including the angle of inclination, it is
possible, among other things, to calculate the masses of the two stars. The ratio of the
masses in terms of the distance from the barycentre of the two stars is

mB

mA
=
aA
aB

(135)

And the distance of star B is related to the total semi-major axis as:

aB = a

(
1 +

aA
aB

)−1

(136)

Problem 37 (*): Given the Campbell elements of the binary-star orbits, cal-
culate the mass of Sirius and its white-dwarf companion. The period is 49.94
years; the parallax is 0.377; the angular extent of the observed semimajor axis
in arcseconds is 5.52; and the ratio of the distances of the two stars from the
barycentre is 0.466. Data are from Balogh (n.d.) with additional information
fromLiebertetal(2005).Seeproblemsheet:”Siriusmass”.

Binary Pulsars Some of the most interesting binary systems are those containing a
pulsar. Because of their highly precise rotation rates and extreme masses, binary pulsars
can be used to detect gravitational waves (Cordes, Kramer, Lazio, Stappers, Backer &
Johnson 2004). The intensity of gravitational waves is enhanced by the extreme mass of
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the pulsar and can be calculated by means of the quadrupole formula from general
relativity:

h =

(
8G

rc2

)(
K

c2

)
(137)

where K is an arbitrary constant and r is the separation distance (Schutz 2003). Be-
cause G is a very small number (6.63× 10−11N m2 kg−2) and the intensity is inversely
proportional to the fourth power of c, gravitational waves are extremely weak and dif-
ficult to detect. The advanced LIGO interferometer has made a direct detection of the
gravitational waves produced by the merger of two black holes (Svitil, Allen, Kupec
et al. 2016). Previously, indirect detections of gravitational waves were accomplished
by measuring the spin-down rate of a binary pulsar’s period of rotation. As the pulsar
and its companion orbit more and more closely together and at an ever-increasing rate,
they give up energy in the form of gravitational waves. An extensive derivation from
Equation (137) leads to a prediction of the change of length of the semi-major axis, a,
of the system as

da

dt
=
−64

5c5
G3 (M1M2)(M1 +M2)

a3(1− e2)7/2

(
1 +

73

24
e2 +

37

96
e4

)
(138)

(Sivaram 1995). The calculated value from this formula is then compared to the observed
value as a test of general relativity.

Newtonian calculations of Mercury’s perihelion advance left 43 arc seconds unaccounted
for (Brown 2012). Extremely accurate methods of measurement are needed to detect
such a small amount over a reasonable period of time. In the case of a pulsar, perias-
tron advance is much more rapid because of the extreme gravitational fields involved.
Pulsars, therefore, provide a powerful and accurate means of determining the amount of
periastron advance and checking it against predictions of general relativity. According
to general relativity, periastron advance (ω̇) is calculated as

ω̇ = 5.45× 104

(
1

1− e2

)(
m1 +m2

p

) 2
3

(139)

where the values of the constants G (gravitational constant) and c (speed of light)
that appear in the original formula have been reduced to their numerical values, and
where ω is angular velocity, m1 and m2 are the masses of the orbiting stars, e is the
orbital eccentricity, and p is the period. Thus, the rate of periastron advance is directly
proportional to the masses of the two objects and inversely proportional to their period
of rotation. In general, because of the extreme masses of neutron stars, the amount of
periastron advance will be greater than limitations on observation (Giménez 1985).
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Pulsar 1913 + 16, also known as the Hulse-Taylor Binary Pulsar after the two as-
tronomers who discovered it (Hulse & Taylor 1975), contains a pulsar and a neutron
star in close orbit about their barycentre. The pulsar, with its extremely regular period
of 59 milliseconds, is at a distance of about 5 kpc and moves through the gravitational
field of its companion at a velocity of about 300 km/s (Blair & McNamara 1997). Thus,
it is an ideal laboratory for testing general relativistic predictions.

Each of the stars in the Hulse-Taylor system has a mass equal to approximately 1.4 M�
(Sivaram 1995); the orbital period is 73

4 hours and is decreasing by about 76 microseconds
per year as the distance between the stars gradually shrinks (Blair & McNamara 1997).
The amount of orbital shrinkage is within about 1% of the value predicted by Equa-
tion (138) and is therefore a rigorous substantiation of general relativity, counting as
an indirect confirmation of the existence of gravitational waves (Sivaram 1995). It is
calculated that the stars will fall into each other after about 300 million years (Blair &
McNamara 1997). At about one minute before the stars merge, they will be orbiting
each other at a rate of about 15 revolutions per second. A few milliseconds before the
collapse the stars will be revolving hundreds of times per second. The intensity of the
gravitational radiation from the two neutron stars will increase until, immediately be-
fore coalescence, it will equal the total output of one hundred thousand galaxies (Blair &
McNamara 1997). The calculations involve a number of variables, described by Taylor
as follows:

The first category includes right ascension α, declination δ, proper mo-
tions µα and µδ, epoch t0, pulse repetition frequency f, spindown rate ḟ ,
and a glitch epoch and frequency discontinuity ∆f . Fitted orbital param-
eters include five Keplerian quantities: the projected semimajor axis of the
pulsar orbit x = a1 sin i, eccentricity e, epoch of periastron passage T0,
period Pb, and longitude of periastron ω0; and the following relativistic or
post-Keplerian parameters: average rate of periastron advance ω̇, variations
in gravitational redshift and time dilation γ, and orbital period derivative
Ṗb. As with most other pulsars that have been timed carefully over sev-
eral decades, a number of nuisance parameters must also be measured to
account for unmodeled long-term timing irregularities (Weisberg, Nice &
Taylor 2010).

The periastron advance of this pulsar system is about 4.2 degrees per year. This amounts
to approximately the same amount in one day that Mercury’s orbit exhibits in a century
(Haynes n.d.). This amount is in close agreement with theory as expressed by Equation
(139) (Sivaram 1995). The Hulse-Taylor binary has an extremely high eccentricity of e
= 0.6171395, and Equation (139) indicates that periastron advance is greatly affected
by orbital eccentricity.

In 2003, Burgay et al. (2003), using the Parkes telescope, discovered what turned out to
be the first double pulsar, which, at the time of writing, is the only binary system known
in which both stars are visible as pulsars (Ferdman, Stairs, Kramer, Breton, McLaughlin,
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Freire, Possenti, Stappers, Kaspi, Manchester & Lyne 2013). PSR J0737-3039A/B has
an orbital period of only 2.4 h and orbital eccentricity of 0.0878. Thus, it provides an
even more stringent testing ground than Pulsar 1913 + 16 for theories of gravity.

Pulsar A is a recycled pulsar and spins at a rate of 22.7 ms. Pulsar B, which was
formed in a second supernova explosion, has a spin period of 2.77 s and has not had
its spin accelerated by infalling matter (Ferdman et al. 2013). The masses of the two
stars in solar mass units are (A) 1.338 and (B) 1.249. The periastron advance of A is
16.9◦ per year, which is an extremely high value, enabling accurate tests of this aspect
of general relativity (Burgay, D’Amico, Possenti, Manchester, Lyne, Joshi, McLaghlin,
M.Kramer, Sarkissian, Camilo, Kalogera, Kim & Lorimer 2003, Burgay 2012, Ferdman
et al. 2013). The extremely compact orbit will lead to a coalescence of the two neutron
stars in approximately 85 million years (Burgay 2012).

Table 6 gives a selection of eccentric binary pulsars as described by C. Will (2006).
An exhaustive, searchable list of all known pulsars is provided by the ATNF Pulsar
Database (n.d.). The search options include 69 predefined variables and four user-defined
variables. In addition, several conditions may be applied, such as ”p0 > 2&&PO < 6”
(= barycentric period is between 2 and 6). Conditions may be combined according to
rules of Boolean logic. Search results may be sorted on any field, and searches may be
restricted to a circular boundary on the sky. Different output styles may be selected,
and a histogram of the results may be plotted. A search of this database for pulsars
in binary orbits yielded 213 known examples. Of these, 138 have calculated spindown
times, ranging from 13 × 105 years to 6.75 × 1010 years with an average of 5.82 × 109

years. The 138 binary pulsars with known spindown rates are depicted in Figure 22.
According to this survey, 124 of the 138 plotted pulsars have spindown times that are
less than the Hubble Time of 13.8× 109 years.

Lorimer (2008) has undertaken to estimate the total number of pulsars in the Galaxy. A
selection bias had to be taken into account, according to which the nearer and brighter
pulsars were detected preferentially over those that were fainter or more distant. Com-
puter models were then used to generate pulsar numbers based on the number of observed
pulsars. The formula

NG =

Nobs∑
i=1

ξi
fi

(140)

estimates the number of pulsars in the Galaxy (NG), based on a scaling factor (ξi), that
is defined as ”the ratio of the total Galactic volume weighted by pulsar density to the
volume in which a pulsar is detectable” (Lorimer 2008, Sec. 3.2.1) and a beaming factor
(fi) that is model-dependent. Calculations lead to a total of approximately ”160,000
active normal pulsars and ∼ 40,000 millisecond pulsars in the Galaxy” (Lorimer 2008,
Sec. 3.3.2). Lorimer (2008) estimates the life of a pulsar to be about 107 yr, which leads
to a new pulsar in the Galaxy every 60 y on average. The life of millisecond pulsars, on
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Table 6: A Selection of Eccentric Binary Pulsars. P is the pulse period in milliseconds;
d is the distance in kiloparsecs; Pb is the revolution period in days; x is the projected
semi-major axis in light seconds and e is the eccentricity of the orbit (Will 2006).

PSR P d Pb x e
[ms] [kpc] [days] [s]

J0045-7319 926.276 57.00 51.2 174.3 0.81
J0737-3039A 22.699 0.57 0.1 1.4 0.088
J0737-3039B 2773.46 0.57 0.1 1.5 0.088
J1141-6545 393.898 3.20 0.20 1.86 0.17
B1259-63 47.762 4.60 1237 1296 0.87
J1518+4904 40.935 0.70 8.63 20.04 0.25
B1534+12 7.904 0.68 0.42 3.73 0.27
J1638-4715 764 ? 1830 ? 0.9
J1740-3052 570.309 10.8 231 756.9 0.58
J1756-2251 28.462 2.5 0.32 2.8 0.18
J1811-1736 104.182 5.94 18.77 34.78 0.83
B1820-11 279.828 6.26 357.8 200.7 0.79
J1829+2456 41.010 0.75 1.18 7.24 0.14
B1913+16 59.030 7.13 0.32 2.34 0.62
B2303+46 1066.371 4.35 12.34 32.69 0.66

the other hand, approaches the Hubble Time, with approximately one appearing every
345,000 yr (Lorimer 2008). Kalogera, Kim, and Lorimer (2003) observe that different
pulsar population models give coalescence rates ranging from 2− 60 Myr−1. Their own
study accepts the value 8+9

−5 Myr−1 at a 68% confidence level. Because the number of
binary neutron stars is expected to be significantly greater than the number of visible
pulsars, Kalogera et al. (2003) estimate that the state-of-the-art enhanced gravitational
wave detector, Laser Interferometer Gravitational Wave Observatory (LIGO)
will be able to detect 18+21

−11 yr
−1.

8.2 Clusters

As indicated in Section 6, stars evolve out of gas clouds. Usually a large number of
stars will evolve out of one cloud. These stars will all have approximately the same
age and will be grouped in clusters. As mentioned in Section 3.3, globular clusters
contain older, metal-poor Population II stars, and are found throughout the galactic
halo. Somewhat younger, Population I, stars, of higher metallacity, are found in smaller
open clusters, located primarily in the galactic disk. Star formation has ceased in
the globular clusters, where little or no interstellar gas remains. In the open clusters, on
the other hand, star formation is continuing. Figure 23 shows the main similarities and
differences between the two types of clusters.

77



Figure 22: Spindown Times of 138 Binary Pulsars (CSIRO n.d.)

The ages of open clusters can often be estimated by noting the turn-off point of the
cluster on the Hertzsprung-Russell Diagram. See Figure 24. The figure shows the turn-
off points of several clusters and the resulting estimates of their ages.

Open clusters have far fewer stars than do globular clusters, and, for this reason, they
do not remain gravitationally bound. Stars like the Sun were formed in open clusters
and, like the other stars in the cluster, drifted apart. A means of estimating the distance
of a nearby cluster is the moving-cluster method.

Problem 38 (***): Use the moving-cluster method to estimate the distance to
the Hyades open cluster. Compare your estimate with a more detailed esti-
mate based on parallax readings from the Hipparcos satellite. See the prob-
lem sheet ”Hyades” for the relevant data and procedures, which are based on
Brown (n.d.), Broz̆ (2009), ESA (1997), The Hyades (2001), Inspire-hep (n.d.), and
Perrymanetal.(1998).

Video: The file ”Hyades.mov” (Brown n.d.) in the ”Videos” folder gives a ro-
tating, three-dimensional view of the Hyades cluster. The end of the movie
shows the proper motions of the stars.
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Figure 23: The primary similarities and differences between the two types of clusters:
globular clusters and open clusters (NASA n.d.).

8.3 Galaxies

Galaxies may be divided roughly into two categories: spiral and elliptical. A classifi-
cation scheme by Hubble is shown in Figure 25. This basic scheme is still used, with
modifications. Today, it is believed that ellipticals are formed primarily by the merger
of two spiral galaxies (Sparke & Gallagher III 2007).

Spiral Arms: Density Waves. A theory by Lin and Shu (1964) provides an expla-
nation of the formation of spiral arms in galaxies. According to this theory, differential
rotation at different distances from the galactic centre causes the stars to bunch up in
arms radiating out from the centre. The effect is similar to that near the scene of a
highway accident, where cars slow down and bunch up near the accident scene and then
resume speed and spread out after passing the accident. A similar effect can be observed
when a set of concentric ellipses rotates differentially, as shown in Figure 26.

Star formation is thought to occur primarily in the arms, where condensed gases may
satisfy the Jeans criterion and collapse into protostars. In accordance with the theory,
clouds of dust and neutral hydrogen are found at the trailing edges of the arms, providing
material for star formation. As is to be expected, massive, blue stars are found almost
exclusively near the arms, giving the arms a bluish tint. These stars are relatively short-
lived and do not migrate far from their birth places during their lifetimes. Their presence
serves to ionize the hydrogen in their vicinity, leading to the formation of HII regions.
On the other hand, smaller red stars are found throughout the galactic disk. These stars
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Figure 24: Since massive stars at the top of the Hertzsprung-Russell diagram have
relatively short lives, they move onto the red giant branch before the smaller stars
lower down on the diagram have fully evolved. This leaves a turn-off point on the
Main Sequence, from which the age of the cluster can be estimated (Australia Telescope
National Facility n.d.b).

have much longer lifespans and, consequently, more time to migrate away from the arms
in which they were created.

The Hydrogen 21-Centimetre Line. Neutral hydrogen, HI, is by far the most
common element in the Universe. It is also the simplest, consisting of a proton nucleus
and a single electron, which is able to take on quantized energy levels. Both the proton
and the electron also have a so-called spin value of ±1

2 . The two spins can be parallel
or anti-parallel and can flip from one orientation to the other on the average of once
every 11 Myr (Sparke & Gallagher III 2007). In condensed hydrogen clouds, there
are so many HI atoms in a relatively small space that large numbers of these atoms
may be undergoing a spin-flip transition at any given moment (Wilson, Rohlfs &
Hüttemeister 2009, p. 331). If a transition occurs from a parallel (higher energy) state
to an anti-parallel (lower energy) state, a photon with wavelength 21.1 cm in the radio
range is emitted. This so-called 21-centrimetre line of hydrogen can be detected by
sensitive radio telescopes (Wilson et al. 2009). By tracing the patterns in HI clouds in
and near the Galaxy, astronomers are able to formulate theories about the formation and
evolution of the Milky Way, and, by extension, other spiral galaxies (Burke & Graham-
Smith 2010).

Radio telescopes do not image directly, as is the case with optical telescopes. The signals
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Figure 25: Hubble’s ”tuning-fork” classification of spiral, elliptical, and irregular galaxies
(Australia Telescope National Facility n.d.b).

that they acquire do not immediately give an image of the sky. Instead, such telescopes
collect data that measure the sky brightness distribution over an area of the sky. This
brightness distribution is created by electromagnetic radiation in the radio range that
comes from a variety of sources, some of which are the astronomical objects that are the
science targets. Measurements of the radio radiation may be made at several frequencies
or a single frequency as desired and at one observation session or several sessions spanning
a period of time. Each exposure time is known as an integration period and is typically
a few minutes in length. The signal detected by the dish is comprised of the bandpass,
noise, and the science target. Noise is related to the integration time and the bandwidth;
the bandpass is comprised of most of the rest of the signal, arising from sky and ground
radiation and radiation produced by the equipment itself. These disturbances must be
removed from the data set in order to isolate the radiation from the science object (Burke
& Graham-Smith 2010).

The received data must be converted to a grid of pixels representing spatial coordinates,
polarisation, time, and frequency. This step is called gridding. The image will typically
highlight interference from the non-science sources of the radiation. Such interference
can be edited out of the image by computer algorithms. Next, the data are calibrated
by removing the bandpass, by discarding the channels at the edges of the image, and
by scaling the flux density. In many cases, the continuum spectrum is also removed.
The image is then compared to a standard spectrum for calibration and then converted
into an image by matching brightness with position on a map of the sky. Each small
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Figure 26: Differential rotation of ellipses imitates the formation of galactic density
waves (Spiral galaxy arms n.d.).

area of the target region is sampled, and amounts close to each pixel are averaged and
fed into the pixel. The resulting data are then analyzed for information about the
spectrum, the right ascension and declination of the object, its radial velocity, and the
total flux. The latter is usually calculated with the help of a computer algorithm. For
high resolution, radio telescope interferometers must be used. However, single dish
radio telescopes are preferred for imaging extended objects such as nearby galaxies
(Burke & Graham-Smith 2010). The total power measured at the receiver of such a
telescope is

P =

∫
A

∫
ν
S(ν) fν dν dA = πS0

(
D

2

)2 ∫ νu

νl

fν dν (141)

where P is the power measured at the receiver, A is the area of the receiver, S is the flux,
ν is the frequency, D is the diameter of the receiver, and f is the filter function.

Problem 39 (***): The Effelsberg radio telescope, with a diameter of 100 m.,
was used by Lara et al. (2000) to observe the giant radio galaxy 8C 0821+695
at a Hubble distance of z = 0.538 in a radio band centred on 4.85 GHz with a
bandwidth of 34.5 MHz. The telescope has a reception sensitivity in this band
of 55% (Reich 1997). Assuming a continuous filter function from 0% at the edge
of the antenna disk to 100% at the centre, calculate the total radio output
in watts for this galaxy based on a reading of 6.3 Jy at the antenna. Data
are from Lara et al. (2000) and NED/IPAC (2016). See problem sheet: ”radio
galaxy”.

The Milky Way and its Satellites. Of particular interest to astronomers is the
Magellanic System of galaxies and clouds, in apparent orbit around the Milky Way.
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This system consists of the Large Magellanic Cloud (LMC), the Small Magellanic
Cloud (SMC), and structures known as the Magellanic Bridge, the Magellanic Stream,
the Leading Arm, and an Interface Region (Brüns, Staveley-Smith, Mebold, Haynes,
Kalberla, Muller & Filipovic n.d.). These structures are located in the southern sky. The
LMC, at about 14 kpc in length, measures 15◦ by 13◦ on the sky, while the smaller SMC
is about 8 kpc in length and measures 7◦ by 4◦ on the sky. The LMC is approximately
spiral in structure, suggesting that it is not passing through the Galaxy’s halo and that
some other mechanism is at work compressing the LMC’s hydrogen (Putman, Gibson &
Staveley-Smith 1999). The two clouds do not behave as independent galaxies but rather
exhibit dynamic interaction with each other. About 2/3 of the HI in the Magellanic
System is associated with the Clouds and their nearby features. The Stream contains
about 25% of the total, while 6% is detected in the Magellanic Arm, whose HI mass is
four times lower than that of the Stream (Brüns et al. n.d.).

It is likely that a collision between the two clouds took place between 100 and 300 Myr
ago, causing the warped stellar bar and one-armed spiral of the LMC. This accords with
simulations that replicate the internal structure of the LMC. Simulations that do not
involve a collision between the Clouds do not explain these structures (Besla, Kallivayalil,
Hernquist, van der Marel, Cos & Kere 2012 April). Until about 0.2 Gyr ago, the time
of the most recent close encounter of the two Clouds, they were enveloped in a common
envelope of gas. At present, a gaseous Bridge extends between the two Clouds and forms
part of the Magellanic Stream, a largely gaseous (HI) (Yagi, Komiyama & Yoshida 2012)
structure that connects the two Clouds, extends beyond them, and was probably formed
at the same time as the Bridge when both Clouds passed near each other (Putman,
Staveley-Smith, Freeman, Gibson & Barnes 2003). The entire Magellanic system appears
to be falling into the Milky Way Galaxy (Burton & Lockman 1999) in what is most likely
their first infall into the Galaxy (Besla et al. 2012 April). An HI image of the Magellanic
System is given in Figure 27.

About 25 percent of HI in the Magellanic System is associated with the Stream (Brüns
et al. n.d.). There are approximately 2 × 108 solar masses of material in the Stream,
almost none of which is in the form of stars (Nichols, Colless, Colless & Bland-Hawthorn
2011, Maddison, Kawata & Gibson 2002). Four streams within the main Magellanic
Stream have been identified, supporting a tidal model. Each of these is 20 degrees in
length. Three of the streams are clumpy and could be a splitting of the main filament.
The fourth is younger and diffuse. There has been insufficient cooling time for it to have
fragmented. It may have originated through tidal drawing from the Magellanic Bridge
(Stanimirović, Hoffman, Heiles, Douglas, Putman & Pek 2008). According to Putman
et al. (2003), the separate streams suggest separate origins.

A stellar stream should have been stripped away 2 Gyr ago at the same time as the
Magellanic Stream was stripped from the disk of the Small Magellanic Cloud. As Diaz
and Bekki state (2012) “[t]he stripped stars should not correlate with the peak HI re-
gions of the MS” (n.p.), and this prediction is supported by observation. An additional
anomaly is the fact that the mass of HI in the head of the Stream is twice that of the
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Figure 27: ”Annotated HI column density image of the Magellanic Clouds, Bridge,
Stream, and the beginning of the Leading Arm feature (LAF). Velocities from
−450 to 400 km s−1 are included, excluding 20 km s−1 due to confusion with Galactic
emission. The boxes represent the regions used for the mass determinations in Table
2. Magellanic longitudes for positions along the Stream are also labeled. The intensity
values are on a logarithmic scale with black corresponding to N > 6 × 1020 cm−2, and
the faintest levels corresponding to 2 × 1018 cm−2. Galactic longitude increases in a
counterclockwise direction” (Putman et al. 2003, p. 175).

tail (Putman et al. 2003). The Stream exhibits a wide variety of features including a
bifurcation, dense clouds along the length of the Stream, head-tail structures, and a fil-
amentary web where gas stripping from the SMC and the Bridge is taking place. There
is also debris out to 20 degrees from the main Stream. An anomaly in the Stream is a
small amount of material that seems to be of a different kind and is perpendicular to
most of the filaments (Putman et al. 2003).

One of the most mystifying features of the Stream is a double helix structure that sug-
gests magnetism. However, it is likely that the three-body interaction of the Stream and
Clouds may be the true cause of the helical structure (Putman et al. 2003). Temperature
gradients and velocity differentials in the Stream are also observed. Two different veloc-
ity groups indicate the SMC was pulled apart into two filaments during a close encounter
with the LMC (Putman et al. 2003), and it is suggested that cooler and warmer gas may
explain the velocity gradients (Stanimirović et al. 2008). An additional observation that
is difficult to explain are the different metallicity patterns differentiating the Clouds from
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most of the Milky Way’s other satellite galaxies (Sales, Navarro, Cooper, White, Frenk
& Helmi 2011).

The orbital period of the Magellanic system is 0.9 Gyr (Putman et al. 2003). The
Magellanic Stream trails the Magellanic Clouds in their orbit around the Galaxy (For,
Staveley-Smith & McClure-Griffiths 2013). According to Putman et al. (2003), the
distance to the head of the Magellanic Stream is approximately 55 kpc. However, Sta-
nimirović (2008) suggests that it may be more nearly 70 kpc away if the angular size
of the clumps of HI in that region is due to thermal instability. It is more difficult to
estimate the distance to the tail, however, which may deviate from this figure by a factor
of two. It spreads 200◦ across the sky and is wider than previously thought.

The structure of the Magellanic Stream is complex, consisting of many filamentary struc-
tures (For et al. 2013). Recent observations have revealed more detailed structural fea-
tures of the Stream. A number of dense clouds exhibiting head-tail structures follow
the Stream; and there is a filamentary web that is most probably the result of gas
stripping. The velocity gradient of the Stream is 700 km/s from Clouds to Stream tail.
This exceeds Galactic rotation by 390 km/s, suggesting a non-circular orbit (Putman
et al. 2003). Position angles of elongated clouds are aligned with the Stream, suggesting
that shearing has taken place, possibly as a result of tidal forces or interaction with the
Milky Way’s halo.

Modelling the Large Magellanic Cloud provides patterns of stripped stars that indicate
the history of the Cloud’s interaction with the Galaxy. The evidence suggests at least
two pericentre passages and accretion more than 4 Gyr ago. This enabled interactions
between the LMC, the SMC, and the Galaxy to form the Magellanic Stream and the
Leading Arm (Bekki 2011). As Putman et al. have observed, a knowledge of the origin
of the Magellanic Stream is necessary for an understanding of Galactic evolution and
the evolution of the Local Group (2003).

The two primary theories of the origin of the Magellanic Stream are tidal disruption
and ram-pressure stripping. The discovery of a ”leading arm” feature strongly favours
the tidal disruption scenario, according to which the Stream was formed about 1.5 -
2 Gyr ago during the close encounter of the LMC and SMC. This theory has gained
further support from n-body simulations (Maddison et al. 2002). Modelling the Large
Magellanic Cloud provides patterns of stripped stars that indicate the history of the
Clouds’ interaction with the Galaxy. According to the evidence, there have been at least
two pericentre passages and accretion more than 4 Gyr ago. The resulting interactions
between the LMC, the SMC, and the Galaxy led to the formation of the Magellanic
Stream and the Leading Arm (Bekki 2011). It should be noted, however, that, although
the simulations have accurately modelled the Stream, they have failed to indicate the
origin of the Leading Arm (For et al. 2013).

A somewhat different outcome based on simulations was advanced by Diaz and Bekki
(2012), who suggest that the Magellanic Clouds have only recently become gravita-
tional bound to each other. According to their simulation, the first close encounter took
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place about 2 Gyr ago, as mentioned. The second was 250 Myr ago. It was this more
recent encounter that disrupted the Small Magellanic Cloud and produced the Magel-
lanic Stream. Gravitational influence from the Milky Way caused the bifurcation of the
Stream. Other HI structures were created similarly in the second encounter and include
the Magellanic Bridge, a counter-bridge, and two branches of leading material (Diaz &
Bekki 2012).

According to Diaz and Bekki (2012), the bifurcation of the Stream is a wrapping of the
original tidal arm. And data from the HI Parkes All Sky Survey (HIPASS) have shown
two distinct, separate, parallel filaments. Furthermore, there is a counter-stream leading
in the direction of the Magellanic Stream. This suggests a gravitational origin of the
Stream. It appears that the leading and trailing streams were torn by tidal forces from
the Magellanic Clouds. While tidal forces probably created the Stream, it may have
been further shaped by ram pressure (Putman et al. 1999, Putman et al. 2003).

While the main part of the Stream itself trails behind the Clouds, an HI feature known as
the Leading Arm precedes the Magellanic Clouds in their orbit around the Galaxy. (See
Figure 27.) This leading extension of the stream suggests a tidal interaction between the
Clouds and the Galaxy (Putman et al. 1999). The Leading Arm is clumpy and divided
into three related complexes, LA I, LA II, and LA III, and a feature known as LA IV,
which appears to have had a different origin. LA II and LA III are connected by a
“bridge” and possibly originated from a larger cloud (For et al. 2013). The parts of the
Leading Arm are shown in Figure 28.

Figure 28: The integrated HI column density map of GASS in the region of the Magel-
lanic Leading Arm. The HI column density scale is 0 to 1.8 × 1019cm−2. Locations of
the Leading Arm complexes I, II, III and the Large Magellanic Cloud are labeled (For
et al. 2013).
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Most authorities favour the view that the Leading Arm was created by tidal disruption
caused by passage near the Galaxy (Maddison et al. 2002, Putman et al. 1999, Bekki
2011, For et al. 2013). However, For et al. (2013) go on to suggest that ram-pressure
stripping was also at work and was responsible for producing the many head-tail clouds
near the Leading Arm. These high velocity clouds are thought to derive from the Mag-
ellanic Clouds and are related to the Leading Arm because of having similar velocities.
The high velocity clouds are of five types: head-tail structure with a velocity gradient;
head-tail structure without a velocity gradient; bow-shock shaped; symmetric; and ir-
regular (For et al. 2013). In all, 625 clouds in this region have been catalogued. For et al.
(2013) maintain the morphology of these clouds cannot be accounted for by gravitational
forces alone, which played a relatively minor role in the formation of these clouds and
suggest that halo density differences may provide the explanation since LA I, LA II, and
LA III are interacting with different halo environments.

With the information derived from HI observations of the Magellanic Stream and the
other objects comprising the system, astronomers have been able to theorize about the
origin and evolution of the Magellanic System. The Small Magellanic Cloud contains
clusters showing a wide range of ages from about a few hundred million years to 12
Gyr or more. The Large Magellanic Cloud, on the other hand, has a vastly different
distribution of cluster ages. Most are grouped in the period from a few million years to
about 3 or 4 Gyr with a small number with ages approximately equal to the Hubble time
and hardly any in the intervening period. Still, it is likely, based on this evidence, that
both dwarf galaxies existed in some form from the earliest period of galaxy formation
(Da Costa 1990).

According to Sales et al. (2011), the Magellanic Clouds were possibly once part of a
single system. The system may have been pulled apart by gravitational effects from the
Galaxy and from other dwarf galaxies moving along with them. After some time, the
Clouds became gravitationally bound. Simulations indicate that this occurred relatively
recently. Until the time of their most recent encounter, both Magellanic galaxies were
enveloped in a common envelope of gas, and it was this that evolved into the Bridge
(Brüns et al. n.d.). As the two dwarf galaxies approached the Milky Way, they were
drawn into orbit around it and settled into an orbital period of about 0.9 Gyr (Putman
et al. 2003). It is assumed that the Magellanic Clouds are not independent galaxies.
They interact with each other dynamically, are currently gravitationally bound, and
have orbited the Galaxy at least twice (Sales et al. 2011, Putman et al. 1999).

Currently, the Magellanic Clouds are on their first infall into the Galaxy (Besla et al.
2012 April, Burton & Lockman 1999). The Magellanic Stream indicates an interaction
between the Magellanic Clouds and the Milky Way. This suggests that the process of
creation of the Milky Way was by accretion and merging (Putman et al. 2003). This
view corresponds with the currently accepted theory of galaxy formation, according to
which dwarf galaxies coalesce to form ever larger galaxies (Sparke & Gallagher III 2007)
and is further supported by the fact that the position angles of elongated clouds are in
alignment with the Stream, most likely caused by shearing motions resulting from tidal
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forces or interaction with the Galactic halo (Putman et al. 2003).

A number of clouds and dwarf galaxies are found near the line of sight to the Magellanic
System. These clouds are probably the result of turbulence arising from the collision of
warm neutral gas with hot material from the halo. Although some of the dwarf galaxies
can be shown to be unbound to the Magellanic System, simulations show that many of
these may have been bound previously. Those that are currently strongly bound will
probably remain so for the next half Gyr. Whether they remain bound or not depends
on their energy (Nichols et al. 2011). Nichols et al. (2011) calculated that some dwarf
galaxies could become unbound if their energy exceeds about 1.8× 107 J. In fact, most
bound dwarfs become unbound after two orbits. The Galaxy’s triaxial potential disrupts
dwarf orbits significantly. This effect has probably disassociated a number of dwarfs that
were previously bound to the Magellanic System (Nichols et al. 2011).

There is some discussion among astronomers concerning the likelihood that the Fornax,
Carina, and Sculptor dwarf galaxies might be associated with the Magellanic System.
The list may be extended to include Leo II, Leo IV, and Leo V if the Large Magellanic
Cloud has completed two orbits around the Milky Way. The spatial and tidal patterns of
these dwarf galaxies bear similarities with the tidal debris of the Large Magellanic Cloud.
No definitive evidence can be demonstrated at this stage, however. One of the stumbling
blocks is the fact that the chemical enrichment of the Magellanic Clouds differs from
that of other satellite galaxies (Sales et al. 2011). A wide-angle radio search around the
area of the Sagittarius dwarf spheroidal galaxy failed to find significant amounts of HI
in spite of this galaxy’s apparent similarities to the Magellanic Stream. It has also been
determined that most dwarf spheroidals near the Galaxy are deficient in HI.

The Sculptor spheroidal, the closest Galaxy satellite at 88 kpc, is an exception (Burton
& Lockman 1999, Carignan, Beaulieu, Côté, Demers & Mateo 2011). However, most
of its HI is located at the outer limits of its optical components. It is estimated that
it has taken between 200 and 1000 Myr to produce the HI in Sculptor. Sculptor is
unusual also in that the ages of most of its stars match the ages of the young, outer
halo clusters of the Milky Way. Herzsprung-Russel diagrams indicate that this dwarf
contains an intermediate-age population of stars and that it is hosting a second period
of star formation (Carignan et al. 2011).

The presence or absence of HI may be the result of the relative positions of these galaxies
with respect to the Milky Way. Sculptor’s proximity to the Galaxy may be the cause
of tidal effects, whereas more distant orbiting dwarfs may be in the process of accreting
external gas which has not been disrupted and dispersed (Carignan et al. 2011). Since the
Milky Way’s halo may conceal small, low column density, hydrogen clouds, the nearest
satellites may be affected by these as well as by tidal forces (Carignan et al. 2011).

Local Group of Galaxies. Figure 29 shows a model of the Local Group of galaxies,
including the two large spirals, the Milky Way and the Andromeda Galaxy, M31.
Just as the Magellanic System is gravitationally bound to the Galaxy and is in the
process of falling into it, all the galaxies in the Local Group are gravitationally bound
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to each other and are moving together in proportion to their gravitational effects on
each other. For this reason, they are not participating in the Hubble Flow but rather
are gradually coalescing. It can be seen from Figure 29 that both the Milky Way and
M31 are surrounded by dwarf spiral galaxies, including the Magellanic Clouds. Within
relatively short cosmological time periods, these dwarfs will be absorbed into the huge
spiral galaxies. However, at the same time, the Milky Way and M31 appear to be headed
toward a collision, which could occur within a few billion years (Sparke & Gallagher
III 2007).

Figure 29: A model of the Local Group of galaxies (Powell 2006)

Sparke and Gallagher III (2007) use the following equation to calculate the trajectories
of the two spirals and to estimate the time at which they will most closely approach
each other or collide.

dr

dt
=

√
G(m+M)

a

e sin η

1− e cos η
=

r

t0

e sin η(η − e sin η)

(1− e cos η)2
(142)

where r is the distance between the galaxies, G is the gravitational constant, m and
M are the masses of the two galaxies, e is the eccentricity of their mutual orbit, t0 is
the current period, and η is the true anomaly. The distance between the two galaxies
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is 770 kpc, their rate of approach (drdt ) is approximately - 120 km s−1, and η at the
point of closest approach is 2π. If it is assumed that the orbital eccentricity is nearly 1,
then, from the third term in Equation (142), the time of closest approach will occur in
approximately 3-4 Gyr (Sparke & Gallagher III 2007). The orbital eccentricity can be
determined only from the tangential velocity of M31, which is difficult to estimate over
the relatively short time period during which astronomers have been observing it. If the
tangential velocity is slight, then the orbital eccentricity will indeed be close to 1, and
the two galaxies will collide. Otherwise, they may make a near approach to each other.
Galactic collisions, as Sparke and Gallagher III (2007) point out, are fairly common
throughout the Universe. The infall of smaller galaxies, such as the Magellanic Clouds,
contributes to the growth of a galaxy, probably without having a significant effect on its
morphology. However, when two huge spirals collide, the result is likely to be a giant
elliptical galaxy.

Supermassive Black Holes. Supermassive Black Holes (SMBHs), equivalent in
mass to millions of stars, are thought to exist at the centres of most large galaxies.
Theoretical constraints on the size and other properties of SMBHs exist. Kormendy
(1995), calculated that the mass of an SMBH would range from 106 to 109.5 solar masses.
Carroll and Ostlie, (2007), referring to a wide range of literature, preferred the figures
105 to 109 solar masses. Although the precise formation mechanism is not known, there
appears to be a relationship between SMBH formation and galaxy formation. Because
galaxies are known to merge, it is assumed that mergers of the central SMBHs must
occasionally occur. On account of their great masses, merging SMBHs are expected to
be a strong source of gravitational radiation.

According to the standard model, all galaxies with a nuclear bulge contain one or more
SMBHs at their centres whose mass correlates with the mass of the bulge. Each such
SMBH is thought to be surrounded by an accretion disk of orbiting gas and dust that
gradually migrates close enough to the SMBH to be drawn in. This feeding process
enables the SMBH to convert the gravitational energy lost by this matter into radiation
(Robson n.d., Schutz 1999). However, as Robson (n.d.) observes, this model does not
explain why different kinds of SMBHs are found at the centres of seemingly similar
galaxies.

Simulations of SMBH formation indicate that quasars powered by SMBHs existed as
early as z ∼ 6.5 (Li, Hernquist, Robertson, Cox, Hopkins et al. 2007). Massive black
hole seeds are required in these simulations, and their origin is not well understood, but
a simulation by Li et al. (2007) indicates that hierarchical mergers of gas-rich galaxies
can form such objects relatively quickly, producing stars at a rate approaching 104 solar
masses per year and leading to SMBHs with approximate masses of 1012 solar masses
by z ∼ 6.5 (Li et al. 2007). Li et al. (2007), however, question whether black hole
binary mergers can take place on the short timescales indicated by their simulation. An
alternate theory, posited by Melia and Falcke (2001) suggests that the first black holes
formed in clusters of colliding stars, whereupon the black holes continued to grow as
they assimilated more matter. Such a process would enable the black hole to double its
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mass every 40 million years or so.

One of the major problems associated with understanding the nature of quasars and the
SMBHs that power them is their enormous radiative output. Though no larger than
several light hours, their luminous output can exceed 1039 J, outshining the brightest
galaxies by a factor of ten (Ho & Kormendy 2006). However, as Ho and Kormendy (2006)
point out, this immense luminosity may be the result of jets coincidentally aimed at the
Earth. These seemingly superluminal radio jets containing plasma knots indicate
relativistic gravitational potential wells. Apparent superluminosity is explained if the
jets are relativistic and are pointed nearly directly at Earth (Ho & Kormendy 2006).
Jets would allow for a much weaker output and quite different estimates of the object’s
size. Still, it is thought that a luminous quasar of 1012L� would require a black hole of
3×107 solar masses (Robson n.d.). Jet directions are seemingly stable up to 107 y. This
indicates a rotating gyroscope (Ho & Kormendy 2006).

Active galactic nuclei (AGNs), including quasars, radiate much more strongly than
the output of their stars alone can account for. It is likely that they are powered by
accretion into supermassive black holes. This is supported by circumstantial evidence,
theoretical arguments, and some observations (Kormendy 1995). Although SMBHs need
not pass through a quasar phase (Melia & Falcke 2001), it is believed that many large
galaxies were once quasars, with the number of quasars being much larger before z = 2
than now (Robson n.d.) and having significant metallicity already by about z = 12.
There is probably a connection between the formation of the supermassive black hole
and the formation of the central bulge (Robson n.d.). A large central bulge may be
required to form an SMBH; and as Ho and Kormendy (2006) note, collapse of bulge
matter into a black hole is the most efficient source of energy available to a quasar.
The efficiency rate of matter-energy conversion in an SMBH cannot exceed 40% and is
probably around 5-10%. This is clearly much higher than the nuclear fusion rate of 0.7%
(Robson n.d., Sparke & Gallagher III 2007).

A number of unusual objects, originally considered to be star-like but subsequently
discovered to be galactic in nature, lie at vast distances, up to z = 7 and more, from
Earth (Choudhuri, 2010). These include the items listed in Table 7. These all contain a
central, super-massive black hole, which powers the galaxy and produces emissions that
may reach 1039 W, roughly 100 times as bright as a typical galaxy (Choudhuri 2010).
This extreme brightness may be explained as a result of beaming in the direction of the
Earth, in which case, the majority of these extremely distant objects are not visible from
here. According to modern theories of unification, all these objects can be understood as
a single type of object, an active galactic nucleus, viewed from different angles, as shown
in Figure 30. The vast distances of these objects indicate that they were prominent in
the early period of the evolution of the Universe.

To calculate the mass of the central black hole in solar masses using the dispersion of
the 3000Å line of MgII, the following formula may be used:
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MBH(MgII) = 106.86

(
FWHMline

103 kms−1

)2(λLλ(3000Å) erg s−1

1044 erg s−1

)0.5

MSun (143)

where λLλ is he measured luminosity of the quasar.

Problem 40 (**): The quasar j2348-3054 is one of the most distant objects in the
visible Universe. Use the data given in the problem sheet to calculate its (1)
z-distance, (2) recession velocity, (3) distance in megaparsecs and light-years,
(4) mass, and (5) absolute magnitude. (This problem is based on observations by
Venemansetal.2013.)Seeproblemsheet:”quasar”.

Table 7: Distant Galactic Objects (Torres & Anchordoqui 2004, Choudhuri 2010)

Name Description

Optically violently variable quasar (OVV) a blazar exhibiting rapid optical variation
Quasars active galactic nucleus with high UV to optical

ratio
Quasi-stellar Object (QSO) radio-quiet quasar
Highly polarized quasar (HPQ) blazar with highly polarised emissions
Blazars exhibit one or more of the following:

(1) strong flat radio emission, (2) strong optical
polarization, (3) multi-wavelength flux variations

Flat spectrum radio quasar (FSRQ) similar to blazars but with greater luminosity
and stronger emission lines; usually found
at greater distances; radio source

Narrow-line radio galaxy (NLRG) radio galaxy not exhibiting broad-line emission
Steep spectrum radio quasar (SSRQ) similar to FSRQ, but with a steeper spectrum;

radio source
Fanaroff-Riley 2 (FR 2) highly inclined radio galaxy in which the central

continuum flux is not prominent
Fanaroff-Riley 1 (FR 1) similar to FR2, but producing a different pattern

of radio emission
Seyfert 1 galaxy galaxy showing a prominent, central broad-line

region
Seyfert 2 galaxy galaxy showing a prominent, un-reddened, narrow-

line region and continuum radiation
BL Lacertae object (BL Lac) blazar with few or no emission lines

Because SMBHs are thought to reside in some mildly active galaxies and in most inactive
ones (Ho & Kormendy 2006), a number of attempts have been made to confirm their
existence. One method involves looking for evidence of a water maser, such as exists
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Figure 30: The Unification Model for an Active Galactic Nucleus, showing how different
viewing angles may be interpreted as different objects (Collmar 2002, Padovani 1997,
Torres 2004, Urry & Padovani 1995).

in the active nucleus of NGC 4258. Very Long Baseline Interferometry is used to
track the masing spots to determine the mass and size of the central object, which in this
case must be an SMBH (Sparke & Gallagher III 2007, Robson n.d.). Another method
is to observe the 6 keV line of iron, which is broadened by the gravitational redshift
of a nearby SMBH (Robson n.d.). At present, two primary criteria for confirmation
of SMBHs are in use: a mass versus luminosity relationship (M-L) and a mass versus
velocity relationship (M − σ). Both of these methods have drawbacks. The M-L best
fit is calculated as (Gültekin, Richstone, Gebhardt, Lauer, Tremaine et al. 2009):

log

(
MBH

MSUN

)
= (8.95 0.11) + (1.11 0.18) log

(
LV

1011 LSUN,v

)
(144)

While Kormendy (1995) assumes a correlation between SMBH mass and the luminosity
of the bulge, others have found little correlation between mass and AGN luminosity
(Robson n.d.).

With regard to mass and velocity, the best M − σ fit is calculated as (Gültekin et al.
2009):
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MBH
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)
= (8.12 0.08) + (4.24 0.41) log

( σe
200 km s−1

)
(145)

Gültekin et al. (2009) maintain that, in the hot component of a galaxy, there is a
strong correlation between SMBH mass and slit-averaged velocity dispersion. For this
reason, the M − σ relation allows SMBH mass to be estimated on the basis of velocity
dispersion, which is easier to measure. However, Gültekin et al. caution that two
fundamental questions about scatter arise: (1) How great is the intrinsic scatter? and
(2) What shape does the distribution of intrinsic residuals have? The authors estimate
the intrinsic scatter to be 0.38 ± 0.09. The density of SMBHs with mass greater than
3×109 solar masses is 10−7Mpc−3, based on the M−σ relation and about 3×10−6Mpc−3

based on the M-L relation (Gültekin et al. 2009). Using the M −σ relation, the mass of
the SMBH can be calculated as:

MBH =
α(
σ

σ0

)β (146)

where σ is velocity dispersion, α = (1.66 ± 0.24 × 108M�), β = 4.86 ± 0.43, and σ0 =
220 km s−1. Kormendy (1995) cautions, however, that gas is not a good indicator
of mass because it can be influenced by forces other than gravity. He admits that the
amount of unidentified matter in galactic nuclei is what is predicted by theory. However,
it had not yet been proved at the time of his writing (1995) that this matter comprises
black holes. To prove a supermassive black hole, there must be relativistic velocities of
objects orbiting within a few Schwarzschild radii. A dense core alone does not indicate
the presence of an SMBH unless high velocities are also present. Kormendy goes on
to state that it is easier to detect supermassive black hole candidates in rotating disk
galaxies than in nonrotating giant ellipicals (Kormendy 1995, p. 583). He points out
that SMBH mass is proportional to core size and inversely proportional to maximum
density, and that rapid rotation is a more reliable indicator of large mass than large
velocity dispersion. As an example, he points out that M31 shows strong evidence of
an SMBH in its nucleus because of both rapid rotation and large velocity dispersion
in that region (Kormendy 1995). However, this does not constitute incontrovertible
proof of an SMBH. And with regard to the mass-luminosity relation, one can only say
that a massive dark object is proved if M/L rises rapidly as r goes to zero. This is
not a sufficient condition for an SMBH. What is required is incontrovertible evidence
of an event horizon (Kormendy 1995, Melia & Falcke 2001, Ho & Kormendy 2006).
Nevertheless, in the absence of direct evidence, sufficient indirect evidence has been
amassed that astronomers can now say with some certainty that many SMBHs exist.
Observations using the Hubble Space Telescope have provided evidence that strongly
suggests that SMBHs reside in the centres of most galaxies (Ho & Kormendy 2006)

Closer to home, much evidence exists that an SMBH designated Sagittarius A* occupies
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the centre of our Galaxy. If so, however, it is much dimmer than expected (Melia &
Falcke 2001), and it is difficult to understand why the enormous amounts of gas and
stars in its vicinity are not being consumed by it (Kormendy 1995). Melia and Falcke
(2003) suggest that its dimness may be due to a lack of knowledge about how magnetic
fields are generated in SMBHs, how material is advected across the event horizon, or
how temperature varies within a plasma. Furthermore, Sagittarius A* may have a jet
that is aiming most of its energy in a direction away from Earth. In fact, its spectrum is
consistent with hot plasma accretion or a jet (Melia 2003). What is known, however, is its
location and mass. The motion of a nearby star designated S2 proves that within 0.015
pc of the Galactic Centre there is a mass equal to 3.7±1.5×106M� (Schödel et al. 2002)
with a Schwarzschild radius of 7.7 × 109 m, confined within such a small space that it
cannot be a dense cluster of stars, neutron stars, or black holes. Gas concentration and
temperature patterns strongly suggest that the object is a single entity. In addition, the
shape of the gravitational potential well strongly supports the view that the object is
an SMBH. The age of Sagittarius A* is estimated at 107 years, which is much less than
the age of the Galaxy, a fact that is not understood (Melia 2003).

Problem 41 (**): From data describing the orbit of the star S2 around the
black hole at the centre of the Galaxy, Sagittarius A*, calculate the black
hole’s mass in solar mass units. The period (P) of S2 is 15.559 years; the orbital
eccentricity (e) is 0.88; and the parigalacticon distance (d) is 1.835×1013 m. Data
are from Eisenhauer et al (2003) and Schödel et al. (2002). See problem sheet:
”massofSag.A*”.

8.4 Galaxy Clusters

Like stars, galaxies are found in clusters. The smallest of these are known as groups,
such as the Local Group, which contains the Milky Way and Andromeda galaxies, along
with several others. Larger clusters are often found to contain a huge elliptical galaxy
at their centres, surrounded by numerous spiral galaxies and smaller ellipticals.

Clusters, in turn, are sometimes found to group into larger conglomerations, known as
superclusters. The huge Coma cluster (Abell 1656) and Leo cluster (Abell 1367)
comprise the Coma supercluster, containing more than 1100 galaxies (Rowe 2010,
Highe 2004). The enormous mass of a huge galaxy cluster enables investigations that
have shown that the matter in the Universe consists primarily of a type that reacts only
through gravity and is not visible. This type of matter, comprising more than 90% of
all matter, is known as dark matter. The following problem sheet illustrates a typical
calculation of the relative percentages of dark matter and the baryonic matter that
comprises all visible objects.
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Problem 42 (**): Using the virial theorem (Equation 116), calculate the bary-
onic and dark-matter masses of the Coma cluster of galaxies. See problem
sheet: ”dark matter” for the Coma cluster data, which are drawn from Biviano
et al. (1995), Goldberg (2013), Mattson (2015), NASA (2014a), Rowe (2010), and
Schombert(2015).
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Appendices

A Astronomical Data

Table 8: Some frequently used astronomical data (Cox 2000, Gray 2005, NASA 2016)

Symbol Name Value SI exp cgs exp

AU Astronomical Unit 1.49597870660 1011 m 1013 cm
pc parsec 3.0856776 1016 m 1018cm

3.2615638 light year
H0 Hubble constant 67.0 km s−1 Mpc−1

ly light year 9.460730472 1015 m 1017cm
M� solar mass 1.9891 1030 kg 1033g
R� solar radius 6.95508± 0.00026 108 m 1010 cm
L� solar luminance 3.845(8) 1026 W 1033erg s−1

M⊕ Earth mass 5.9742 1024 kg 1027g
R⊕ Earth radius 6.371 106 m 108 cm
Jy jansky 1 10−26 W m−2 Hz−1 10−23 erg s−1 cm−2 Hz−1

Å ångström 1 10−10 m 10−8 cm
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B Physical Data

Table 9: Some frequently used physical data (Cox 2000, Gray 2005).

Symbol Name Value SI exp cgs exp
c speed of light 2.99792458 108 m s−1 1010 cm s−1

G gravitational constant 6.67259(85) 10−11 m3 kg−1 s−2 10−8 cm3 g−1 s−2

h Planck constant 6.6260755(40) 10−34 J s 10−27 erg s
k Boltzmann constant 1.380658(12) 10−23 J K−1 10−16 erg K−1

σ Stefan-Boltzmann con-
stant

5.670367(13) 10−8W m−2 K−4 10−5erg cm−2 s−1 K−4

a Wien displacement con-
stant

2.897755 10−3 m K 10−1 cm K

me mass of electron 9.1093897(54) 10−31 kg 10−28 g
mp mass of proton 1.6726231(10) 10−27 kg 10−24 g
amu atomic mass unit 1.6605387 10−27 kg 10−24 g
mn mass of neutron 1.6749286(10) 10−27 kg 10−24 g
mH mass of hydrogen atom 1.6735344 10−27 kg 10−24 g
RH Rydberg constant for

1H
1.0967758306(13) 107 m−1 105 cm−1

ryd Rydberg energy con-
stant for hydrogen

2.1799 10−18J 10−11erg

R∞ Rydberg constant for in-
finite nuclear mass

1.0973731534(13) 107 m−1 105 cm−1

µ0 permeability of free
space

4π 10−7NA−2

ε0 permittivity of free
space

1

4πc2
1011 Fm−1

eV electron volt 1.60217733(49) 10−19 J 10−12 erg
µB Bohr magneton 9.27400968(20) 10−24 J T−1 10−21 erg gauss−1

NA Avogadro’s number 6.022140857(74) 1023 mol−1

e, q electron charge 1.60217662 10−19 C 4.8032068× 10−10esu
eV electron volt 1.6021773 10−19 J.

113



C Summary of Formulas Used in the Text

Table 10: Summary of Formulas Used in the Text

Name and (Equation Number)

Absolute magnitude (16)
Absolute magnitude and luminosity (19)
adiabatic sound speed (105)
Angular momentum differentiated (129)
Angular momentum differentiated central force (130)
Average internal gravitational acceleration (104)

Balmer formula (48)
Binary pulsar spin-down rate (138)
Binary star mass ratio (135)
Binary star semi-major axis (136)
Bohr magneton value (59)
Bolometric correction (18)
Boltzmann equation (93)
Broadband emission coefficient (38)

Central black hole mass (143)
Central pressure: gravitationally bound sphere (115)
Central temperature (102)
Cepheid absolute magnitude (68)

Degree of polarization (42)
Difference between two magnitudes (Pogson’s relation) (15)
Distance modulus (17)
Distance modulus with extinction (69)
Doppler broadening (50)

Emission radius (121)
Energy and specific intensity (1)
Energy conservation (99)
Energy of electromagnetic radiation (44)
Energy of electron in orbital n (45)
Energy of emitted or absorbed photon (46)
Energy transport (100)
Equation of ellipse (125)
Equation of radiative transfer (79)
Equation of radiative transfer for LTE (83)
Equation of radiative transfer, grey atmosphere (86)

continued on next page
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Table 10: continued

Name and (Equation Number)

Escape velocity (122)
Event horizon: rotating black hole (124)

Faber-Jackson relation (74)
First moment equation of the radiation field (87)
Flux and temperature (3)
Free-bound emission coefficient (34)
Free-free emission coefficient (33)
Frequency of oscillation (36)
Frequency-wavelength relation (43)

Gravitational binding energy of a sphere (114)
Grey atmosphere optical depth (85)
Grey atmosphere radiative transfer equation (86)
Gyroradius (35)

Heisenberg’s Uncertainty Principle (49)
Hubble distance (76)
Hubble Law (75)
Hubble Law, z-factor (77)
Hydrostatic equilibrium (97)

Ideal gas equation of state (101)
Inverse Compton scattering (53, 54)
Inverse Compton scattering condition for saturation (57)
Inverse Compton scatterings for τ >> 1 (56)
Inverse Compton energy after N scatterings (55)

Kelvin-Helmholtz timescale (113)
Kepler’s area law (131)

Landé factor (65)
Lane-Emden equation (110)
Lane-Emden r (111)
Lane-Emden Y (112)
Light pressure, total absorption (10)
Light pressure, total reflection (11)
Lorentz factor, magnetic field (40)
Luminous flux (21)
Luminous flux (flux density) (2)

continued on next page
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Table 10: continued

Name and (Equation Number)

Luminous flux, integral form (6)
Luminous flux over solid angle (7)
Luminous flux ratio (15)

Magnitude and UBVRI wavebands (20)
Magnitude from flux ratio (5)
Mass conservation (mass continuity) (98)
Mass-luminosity relation: galaxy (144)
Mass-luminosity relation: M < 0.43M� (27)
Mass-luminosity relation: 0.43M� < M ≤ 2M� (28)
Mass-luminosity relation: 2M� < M ≤ 20M� (29)
Mass-luminosity relation: M > 20M� (30)
Mass-radius relationship (31)
Mass of object orbiting a star (134)
Mass of stellar-mass black hole (146)
Mass-velocity relation: galaxy (145)
Mean free path (82)
Minimum spin period: uniform density sphere (118)

Newton’s force law (127)
Newton’s form of Kepler’s third law (67)
nth moment equation of the radiation field (89)
Number of photon interactions (84)
Number of pulsars (140)

Optical depth (80)
Optical depth, grey atmosphere (85)
Optical depth, mean free path (81)

Partition function (95)
Partition function parameterized (96)
Photon frequency from energy level change (47)
Polytropic equation of state (108)
Polytropic index (109
Pressure scale height (103)
Planck’s law (22)
Pulsar magnetic field strength at pole (119)
Pulsar magnetic field strength at surface (120)

Quadrupole formula (137)

continued on next page
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Table 10: continued

Name and (Equation Number)

Quantised angular momentum (62)

Radius or orbit of object orbiting star (133)
Radius of star’s orbit about barycentre (132)
Rayleigh-Jeans approximation (23)
Reduced mass (126)
Reimers’ AGB mass-loss rate formula (117)
Relativistic energy (41)
Relativistic periastron advance (139)
Rossland mean opacity (92)

Saha equation (94)
Schwarzschild radius (123)
Second Moment Equation of the Radiation Field (88)
Solar sail total force (12)
Solid angle (8)
Source function (78)
Spiral galaxy inclination (73)
Synchrotron power (39)

Temperature-luminosity-radius relation (32)
Time as a function of velocity (14)
Tully-Fisher distance modulus (71)
Tully-Fisher infrared magnitude (72)
Tully-Fisher relation (70)

Velocity as a function of distance (13)
Velocity of mutually approaching galaxies (142)
Virial theorem (116)

Width of opening angle (37)
Wien’s approximation (24)
Wien’s displacement law (25)

Zeeman effect (anomalous), level splitting (64)
Zeeman effect (anomalous), total angular momentum (128)
Zeeman effect (anomalous), total magnetic moment (63)
Zeeman splitting, energy change (58)
Zeeman splitting, frequency change (61)
Zeeman splitting, large B (66)

continued on next page
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Table 10: continued

Name and (Equation Number)

Zeeman splitting (normal) (60)
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D Some Additional Useful Formulas

Table 11: Some Additional Useful Formulas

Name and Units Formula

Acceleration with friction ax = (g sin θ − µkg cos θ)
ax = total acceleration
g = gravitational acceleration
θ = inclination angle
µk = coefficient of kinetic friction

Add two magnitudes mtotal = log2.512

(
2.512−m1 − 2.512−m2

)
m1, m2 = magnitudes

Angular distance on sphere Ψ = arccos (sin θ1 sin θ2 + cos θ1 cos θ2 cos (φ1 − φ2))
φ1, φ2 =right ascension: 2 points
θ1, θ2 = declination: 2 points

Angular frequency ω =
2π

P
= 2πν =

v

r
P = period
ν = frequency
v = tangential velocity
r = radius

Angular momentum L = Iω
L = rmv

I = moment of inertia
ω = angular frequency
v = tangential velocity
r = radius of rotation
m = mass

Average energy generation rate ε =
L

M
ε = energy (J kg−1 s−1)
L = luminosity (Js−1)
M = mass

Average Intensity Jν(z) =
1

2

∫ 1

−1
Iν(z, u)du

Iν = monochromatic intensity
u = cosine of angle of incidence

continued on next page
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Table 11: continued

Name and Units Formula

Average Intensity (τ � 1) Jν = Bν
Jν = average intensity
Bν = Planck function

Barometric equation P (h) = P (h0) exp(−h/H)
P (h) =pressure at height h
P (h0) =pressure at surface
H = scale height (kT/g)

Bolometric equation Mbol(�)−Mbol(∗) = 2.5 log(L∗/L�)
Mbol =bolometric magnitude
L =luminosity

Centre of mass (COM) M∗r∗ = Mprp
M∗ = mass of star
Mp = mass of planet
r∗ = distance to star’s COM
rp = distance to planet’s COM

Centripetal force Fc =
mv2

r
m = mass
v =velocity
r = distance from centre

Colour index B − V = −2.5 log
FB
FV

B = peak wavelength, blue filter
V = peak wavelength, visual filter
FB = flux, blue filter
Fv = flux, visual filter

Column density Ni = nid
ni = volume number density
d = depth

Condition for adiabatic convection

(
1− 1

γ

)
T

P

dP

dr
>
dT

dr
dT

dr

∣∣∣
adiabatic

>
dT

dr

∣∣∣
actual

dT
dr = temperature gradient

continued on next page
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Table 11: continued

Name and Units Formula

T = temperature
P = pressure
γ = adiabatic index =

cp
cv

cp = heat capacity constant pressure
cv = heat capacity constant volume

Conservation of energy for a bound orbit v2 = G(m1 +m2)

[
2

r
− 1

a

]
v = velocity
G = gravitational constant
m1,m2 = masses of orbiting bodies
a = distance between the bodies
r = a(1− e), e = orbital eccentricity

Critical density ρc =
3H2

0

8πG
ρc = critical density
H0 = Hubble constant
G = gravitational constant

Cyclotron frequency for electrons fc = Be/2πme (2.8 ∗ 104)B
fc = frequency (MHZ)
B = magnetic field (teslas)
e = electron charge
me = electron mass

De Broglie wavelength λ =
h

mν
h = Planck’s constant
m = mass
ν = frequency

Density λ =
∑
i

nimi

ni = number density of species i
mi = mass of particle i

Density: halo: flat rotation ρr = v2
o/4πGr

2

v0 = velocity at r
r = distance from centre
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Table 11: continued

Name and Units Formula

G = gravitational constant

Density parameter ΩTO =
ρ0

ρc
ΩTO = ΩM0 + ΩR0 + Ωλ0

ΩT0 = total density parameter
ρ0 = current density
ρc = critical density
ΩM0 = density parameter, matter
ΩR0 = density parameter, radiation
ΩΛ0 = density parameter, dark energy

De Vaucouleur’s law (elliptical galaxy) I(r) = I(re) exp

{
−7.669

[(
r

re

) 1
4

− 1

]}
r = radial distance from centre
re = distance of half intensity
I = intensity

Differential tidal forces dF = −
(

2GMm

R3

)
dR

G = gravitational constant
M = mass of larger body
m = mass of smaller body
R = separation distance

Distance in focal plane x = Fθ
F = focal length
θ = angle in radians

Distance in parsecs d =
1

πp
πp = angle subtended (radians)

Distance modulus (bolometric) Mbol = mv + 5− 5 log d−Av −BC
Mbol = bolometric magnitude
mv = visual magnitude
d = distance (pc)
Av = extinction in magnitude
BC = bolometric correction
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Table 11: continued

Name and Units Formula

Distance now

∫ tnow

temit

c

R(t)
dt

dnow = distance now
temit = time of emission
tnow = time now
c = speed of light
R(t) = scale factor

Distance of expanding object D =
vr tanθ

4.74047 µ
vr = radial velocity
µ = proper motion (arc/yr)
θ = angle to convergence point

Doppler shift
∆λ

λ0
=
λobs − λ0

λ0
=

(
1 + vr

c

1− vr
c

)1/2

− 1

∆ν

ν0
=
νobs − ν0

ν0
=

(
1 + vr

c

1− vr
c

)1/2

− 1

∆λ = shift in wavelength
λ0 = laboratory wavelength
λobs = observed wavelength
vr = recession velocity
c = speed of light
∆ν = shift in frequency
νobs = observed frequency
ν0 = laboratory frequency

Doppler shift from rotation ∆λ/λ = 2veq/c
∆λ/λ = 4πR/Pc

veq = velocity at equator
c = speed of light
R = radius
P = period

Doppler shift: radial νo = νs

√
1 + β

1− β
νo = observed frequency
νs = source frequency
β = Lorentz factor (v/c)
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Table 11: continued

Name and Units Formula

Einstein’s mass-energy equation E = mc2 = (minit −mfinal) c
2

minit= initial mass
mfinal = final mass
c = speed of light

Electric field vector ~E = ~F/q
F = force
q = charge

Energy of a photon E = hν = hc/λ
νo = frequency
h = Planck’s constant
λ = wavelength
c = speed of light

Energy density: radiative Uν =
4π

c
Jν

c = speed of light
Jν = average intensity

Equilibrium temperature Tequ = 0.707Ts

(a
e

)0.25
(
R

d

)0.5

a = absorption coefficient at body
e = emissivity of body
Ts = effective temperature of Sun
Rs = radius of Sun

Equivalent mass of a photon m = E/c2

E = energy
c = speed of light

Equivalent width Wλ =

∫
Aλdλ

Aλ = line depth [eq. below]
λ = wavelength

Flux (radiative) Frad = −krad
(
dT

dr

)
= −

(
4acT 3

3ρk

)(
dT

dr

)
k = conductivity
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Table 11: continued

Name and Units Formula

dT/dr = temperature gradient
a = radiation constant
c = speed of light
ρ = density

Flux: Eddington Hν =
Fν
4π

Fν = monochromatic flux

Flux: Eddington (τ � 1) H =
1

3

dBν
dτν

H = − 1

3κνρ

dBν
dT

dT

dz
Bν = Planck function
T = temperature
κν = absorption coefficient
ρ = density
z = depth

Flux: monochromatic Fν(z) = 2π

∫ 1

−1
Iν(z, u)du

Iν = monochromatic intensity

Flux ratio
F1

F2
=

(
R1

R2

)2(T1

T2

)4

F1, F2 =fluxes of stars 1, 2
T1, T2 = temperatures of stars 1, 2
R1, R2 = radii of stars 1, 2

Focal ratio f =
F

D
F =focal length
D = diameter

Free-fall collapse size L = (kT/mHGρ)
1/2 ≈ 107(T/ρ)1/2

k = Bolztmann constant
T = temperature
mH = mass of hydrogen atom
G = gravitational constant
ρ = density
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Table 11: continued

Name and Units Formula

Free-fall collapse time tff =

(
3π

32Gρ

) 1
2

G = gravitational constant
ρ = density

Gravitational acceleration g = −GM
r2

G =gravitational constant
M = mass
r = distance from barycentre

Gravitational energy Ω = −
∫ M

0

GM(r)

r
dM

G =gravitational constant
M = mass
r = radius

Gravitational energy density: sphere ug =
9

20

GM2

πR4

G =gravitational constant
M = mass
R = radius

Gravitational force, centripetal acceleration −MRmsG

R2
= ms

(
v2

R

)
G =gravitational constant
MR = mass within radius R
ms = mass of orbiting body
R = orbital radius R
v = velocity

Gravitational potential U = −MmG

r
G =gravitational constant
M,m = masses of two bodies
r = distance between centres of mass

Grey atmosphere temperature profile T (τ) = Teff

[
3

4

(
τ =

2

3

)] 1
4
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Table 11: continued

Name and Units Formula

Teff = effective temperature
τ = optical depth

Hill radius RH ≈ a(1− e)
( m

3M

) 1
3

= a(1− e)
(
Rm
RM

)(
ρm

3ρM

) 1
3

a =semi-major axis
e =eccentricity
ρ =density
M,m = masses of two bodies
R = radius

Hubble law v = H0x
v =velocity (km/s)
H0 = Hubble constant
x = distance (Mpc)

Hubble time τ =
1

H0
H0 = Hubble constant

Hydrostatic equilibrium Fpressure = −Fgravity

dP

dr
= −GM(r)ρ(r)

r2

F =force
P =pressure
G =gravitational constant
r =distance from centre
M(r) = mass within r
ρ(r) = density within r

Index of refraction n = c/v
v =velocity
c = speed of light

Integrated flux (for r ≥ R∗) F (r) = σT 4
eff

(
R∗
r

)2

r =distance from centre
R∗ = radius of star
Teff =effective temperature
σ = Stafan-Boltzmann constant
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Table 11: continued

Name and Units Formula

Intensity: monochromatic (τ � 1 Iν = Bν + u
dB

dτν
u = cosine of angle of incidence
Bν = Planck function
τ = optical depth

Ionization fraction fi =

(
ni
ni−1

)(
ni−1

ni−2

)
· · ·
(
n2
n1

)
1 +

(
n2
n1

)
+
(
n3
n2

)(
n2
n1

)
+
(
n4
n3

)(
n3
n2

)(
n2
n1

)
+ · · ·

ni =number at specific ionization level

Jeans criterion M >

(
5kT

µmHG

) 3
2
(

3

4πρ

) 1
2

= Mj

k =Boltzmann constant
µ = mean molecular weight
T = temperature
mH = mass of hydrogen atom
ρ = density
G = gravitational constant

K-integral (τ � 1) Kν =
Bν
3

Bν = Planck function

Kinetic energy Ek =
1

2
mv2

m = mass
v = velocity

Kramer’s opacity law κ = constant× Z(1 +X)
ρ

T 3.5

X =hydrogen mass fraction
Z = metals mass fraction
ρ = density
T = temperature

Larmor’s formula for power P =
dE

dt
=

2

3

q2

c3
|~̈r|2

dE
dt =energy gradient
q = charge
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Table 11: continued

Name and Units Formula

c = speed of light

~̈r = acceleration

Lens equation (spherical surface)
n1

p
+
n2

q
=
n2 − n1

R
n1 = index of refraction (air)
n2 = index of refraction (lens)
p = distance to object
q = distance to image
R = radius of surface

Lifetime of Main Sequence stars t = 1010

(
M∗
M�

)(
L∗
L�

)−1

yr

M∗ = mass of star
M� = mass of Sun
L∗ = luminosity of star
L� = luminosity of Sun

Line depth Aλ = 1− Fλ
Fc

Fλ = line flux
Fc = continuum flux

Line depth: weak lines
2

3

k1

kc

dlnBλ
dτc

∣∣∣∣
τ=2/3

where τc
τλ

= kc
kλ

= kc
k1+kc

τc = optical depth at continuum
τλ = optical depth at λ
kc = absorption coefficient at continuum
kλ = absorption coefficient at λ
λ = wavelength
Bλ = Planck function

Local siderial time LST = GST + λ
LST = HA+RA

GST = Greenwich mean time
λ = local longitude
HA = hour angle
RA = right ascension
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Table 11: continued

Name and Units Formula

Lorentz factor γ =
1√

1− v2

c2

v =velocity
c = speed of light

Lorentz force ~F = q

(
~E +

~v

c
× ~B

)
q = charge
E = electric field vector
c = speed of light
B = electric field vector
v = velocity

Lorentz profile φn =
Γ

4π2

(ν − ν0)2 + ( Γ
4π )2

Γ = radiative damping constant
= 2π× full width

ν = frequency
ν0 = line centre frequency

Luminosity L = 4πR2σT 4

R = radius
σ = Stefan-Boltzmann constant
T = temperature

Luminosity distance DL =

√
L

4πF
L = luminosity
F = flux

Magnetic energy density uB =
B2

2µ0

B magnetic field strength
µ0 permeability of free space

Magnifying power Powermag = F/f
F objective focal length
f = eyepiece focal length

continued on next page

130



Table 11: continued

Name and Units Formula

Mass-luminosity relation: spirals

(
M

L

)
spiral

= (10→ 30)

(
M�
L�

)
L = luminosity
L� = solar luminosity
M = mass
M� = solar mass

Mass-radius relation: degenerate star P = Kρ5/3

R =
4πK

G(4/3π)5/3M1/3

P = pressure
K = constant
M = mass
G = gravitational constant
R = radius
ρ = density

Maxwell-Boltzmann velocity distribution f(v) =
4√
π

( m

2kT

) 3
2
v2 exp

(
−mv2

2kT

)
m = mass
v = velocity
k = Boltzmann constant
T = temperature

Mean molecular weight µ =
ρ

mHntot
ρ = density
mH = mass of hydrogen atom
ntot = total number of atoms

Mean molecular weight: star µ =

(
2X +

3

4
Y +

1

2
Z

)−1

X = fractional abundance: hydrogen
Y = fractional abundance: helium
Z = fractional abundance: metals

Metallicity [Fe/H] = log(NFe/NH)− log(NFe/NH)solar
NFe = number of iron atoms
NH = number of hydrogen atoms
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Table 11: continued

Name and Units Formula

Mirror equation: spherical
1

p
+

1

q
=

1

f
p = distance to object
q = distance to image
f = focal length

Moment of inertia: sphere I = MR2

M = mass
R = radius

Momentum of a particle p = γmv
γ =Lorentz factor
v =velocity
m = mass

Momentum of a photon p = E/c
E = energy
c = speed of light

Neutron star luminosity L = (8/5)π2MR2P−3(dP/dt)
M = mass
R = radius
dP/dt = pulse rate
t = time

Oort formulas vr = Adsin2l
vt = d(Acos2l +B)
B ≡ A− ω0

vr = radial velocity
vt = tangential velocity
A =orbital speed/distance from centre
d = distance: Sun to star
l = angle: Sun to Galactic centre
ω0 = angular velocity

Opacity of an atomic line kνρ =
πe2

mec
fijφνni

(
1− e

−hν0
kT

)
e = electron charge
me = electron mass
fij =oscillator strength i to j level
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Table 11: continued

Name and Units Formula

φν = line profile
ni = number density: level i absorbers
h = Planck constant
k = Boltzmann constant
T = temperature

Parallax distance (parsecs) D =
1

πp
πp = parallax in arcseconds

Planck’s law of quantisation E = hν
h = Planck’s constant
ν = frequency

Plate scale plate scale =
θ

x
=

1

F
θ = angle in radians
x = distance in mm
F = focal length

Potential energy (electrostatic) Epe =
q1q2

r
q1, q2 = charges
r =distance between charges

Potential energy (gravitational) Epg = mgh
m =mass
g = gravitational acceleration
h = height

Poynting flux ~S =
( c

4π

)
~E × ~B

c =speed of light
E = electric field vector
B = magnetic field vector

Poynting-Robertson effect t = (7× 105)ρrd2

t = time in years
ρ = density
r = radius of particle
d = distance from Sun
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Table 11: continued

Name and Units Formula

Quantised energy levels En = −RH
(

1

n2

)
En = energy level n (eV)
n = integer
RH = Rydberg constant (13.6056923 eV)

Radiation force FR = (πσr2R2
�T

4
�/c)/d

2

σ = Stefan-Boltzmann constant
R� = radius of Sun
T� = temperature of Sun
d = distance from Sun
r = radius of particle
c = speed of light

Rayleigh resolution (radians) R =
1.22λ

D
λ = wavelength (nm)
D = diameter (cm)

Redshift z =
H0d

c
H0 =Hubble constant
d = distance
c = speed of light

Redshift stretch factor z + 1 =
dnow
demit

=
λnow
λemit

dnow = distance now
demit = distance at time of emission
λnow = wavelength now
λemit = wavelength at time of emission
z = redshift factor

RMS speed gas particles vrms =

(
3kT

m

) 1
2

vrms = root mean square velocity
k = Boltzmann constant
T = temperature
m = mass of particle
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Table 11: continued

Name and Units Formula

Robertson-Walker metric ∆s2 = (c∆t)2 −R(t)2

[
∆r2

1− kr2
+ r2(∆θ2 + ∆φ2sin2θ)

]
r, θ, φ = comoving coordinates
s = proper distance
k = curvature parameter (-1,1,or 0)
R(t) = scale factor
t = cosmic time

Roche’s limit d = 2.44(ρM/ρm)
1
3R

ρM = density larger body
ρm = density smaller body
R = radius larger body

Rotation velocity
GMm

r2
=
mv2

r
G = gravitational constant
M = mass of primary
m = mass of secondary
r = separation distance
v = velocity

Scale factor R =
1

1 + z
z = redshift

Schwarzschild criterion ∇rad > ∇adi =

(
γ − 1

γ

)
∇rad radiation gradient
∇adi adiabatic gradient
γ ratio of specific heats

Sedov-Taylor supernova expansion R ∼ 14

(
E51

n

) 1
5
(

t

104 years

) 2
5

parsecs

E51 = units of 1051erg s−1

t = time in years

Signal to noise: photons S/N = (QE × fp × t)1/2

Q = photons detected
E = photons incident
θ1 = angle of incidence
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Table 11: continued

Name and Units Formula

t = time

Snell’s law of refraction n1sinθ1 = n2sinθ2

n1 = incident index of refraction
n2 = emission index of refraction
θ1 = angle of incidence
θ2 = angle of refraction

Solid angle dΩ = sin θdθdφ
θ = altitude angle
φ = azimuth angle

Specific intensity: surface of star Iν(0, u) =

∫ ∞
0

Sν(t)e−
t
u
dt

u
u = cosine of angle of incidence
S = source function
t = depth

Speed of accelerated object vx,final = vx,initial + axt
vx,final = final speed
vx, initial = initial speed
ax = acceleration
t = time

Speed of light c =
1

√
µ0ε0

c =
E(t)

B(t)
µ0 = permeability of free space
ε0 = permittivity of free space
E(t) = electric field amplitude
B(t) = magnetic field amplitude

Spiral galaxy brightness log I(rc) ∝ r
− 1

4
c for the nuclear bulge

I(rb) = I0e
−αrb for the disk

rc = distance from centre
rb = distance from inner boundary
I0 = intensity at the boundary
α = right ascension
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Table 11: continued

Name and Units Formula

Star counts N(r) = n(r)r2drdω
logN(m)N(m) = 0.6m+ C

N(r) = number within radius r
n(r) = number density
r = radius of spherical volume
ω = solid angle
N(m) = number above magnitude m
C = adjustment value m

Stefan-Boltzmann law F = σT 4

F = flux
σ = Stefan-Boltzmann constant
T = temperature

Stellar lifetime: Main Sequence star
tMS

t�
∼
(
M

M�

)−2.3

tMS = lifetime of star
t� = lifetime of Sun
M = mass of star
M� = mass of Sun

Stellar lifetime: massive star
tMS

t�
∼
(
M

M�

)−2.5

tMS = lifetime of massive star
t� = lifetime of Sun
M = mass of star
M� = mass of Sun

Synchrotron emission peak (MHz) fmax = (4.8 ∗ 10−4)E2B sinα
E =electric field (MeV)
B = magnetic field
α = pitch angle

Synodic rotation period (MHz) 1/S = 1/P − 1/T
P =siderial period
T = period of revolution
S = solar day
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Name and Units Formula

Temperature gradient ∇ =
dlnT

dlnP
P =pressure
T = temperature

Temperature of slowly rotating planet Tss ≈ 394(1−A)
1
4 (rp)

− 1
2

Tss = subsolar equilibrium temperature
A = albedo
rp = distance to planet (AU)
(If atmosphere, use 279, not 394)

Thermal energy Ethermal =
1

2
mv2 =

3

2
kT

m = mass
v = velocity
k = Boltzmann constant
T = temperature

Total radiated energy E = L ∗ T
E = energy
T = time

Universal law of gravitation FG = G
Mm

r2

FG = force of gravity
G = gravitational constant
M,m = masses
r = distance between masses

Velocity around centre of mass v =
2πr

P
r = distance to centre of mass
P = period

Virial temperature Tvirial =
GMmp

kR
G = gravitational constant
M = total mass
R = radius of collapsing cloud
mp = mass of proton
k = Boltzmann constant
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Name and Units Formula

Voigt profile φν =
U(a, ν)

∆νD
U(a, ν) = normalized Voigt function
∆νD = Doppler line width

Work equation W =

∫
C
F · ds

C = trajectory
F = force
s = displacement
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E Definitions of Physical Measurables

Table 12: Definitions of Physical Measurables

(Abbreviations: cm = centimetre; dyn = dyne; g =
gram; Hz = hertz; J = joule; kg = kilogram; L = lambert;
lm = lumen; lx = lux; m = metre; N = newton; P = pascal;
s = second; sb = stilb; sr = steradian; W = watt)

Term Abbrev Definition SI (cgs) units

Absorption k Fraction of the incident radiation absorbed (cm−1)
Coefficient at a certain wavelength per unit thickness

of the absorbing medium
Acceleration a Rate of change of velocity m s−2 (cm s−2)
Density ρ Mass divided by volume kg m−3

(g cm−3)
Energy E Quantity of a physical system that is able to Nm ≡ J

produce changes in another physical system. (dyn cm ≡ erg)
Work.

Flux F Amount of radiation emitted or received W m−2

(erg cm−2 s−1)
Flux F Iν cos θ integrated over all solid angles W m−2 Hz−1

monochromatic (erg cm−2 s−1

Hz−1)
Force F Influence that causes a mass to accelerate N, kg m s−2 (dyn)
Frequency ν Oscillations per unit time Hz
Gravitational mgh Gravitational effect on mass kg m2 s−2, N m ≡ J
potential energy (dyn cm ≡ erg)

Heat Q Energy related to molecular motion J (erg)
Illumination E Visible illumination reaching a surface in unit lx = 1 lm m−2

time (L = 1 lm cm−2)
Impulse J Integral of force over time interval kg m s−1 (g cm s−1)
Index of n Ratio of speed of light in a vacuum to speed
refraction of light in a medium

Insolation TSI Solar radiation power per unit area at Earth’s W m−2

upper atmosphere (aka Total solar irradiance) (erg cm−2 s−1)
Intensity, Jν Iν integrated over all solid angles. J m−2 s−1 Hz−1

mean (erg cm−2 s−1

Hz−1)
Intensity, Iν Brightness of a beam of radiation. J m−2 s−1 Hz−1 sr−1

monochromatic It is defined by the equation (erg cm−2 s−1

dEν = Iν dA dT dν dω Hz−1 sr−1)
Intensity, I Iν integrated over all wavelengths J m−2 s−1 sr−1
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Table 12: continued

Term Abbrev Definition SI (cgs) units

total (erg cm−2 s−1 sr−1)
Irradiation E Total amount of radiation (all wavelengths) W m−2

reaching a surface (erg cm−2 s−1)
Kinetic energy Ek, K, T Energy needed to bring mass m to velocity v J (erg)
Luminance Lv Measure of brightness of extended source cd m−2

(sb = 1 cd cm−2)
Luminosity L Total flux: L = 4πd2F J s−1≡ W (erg s−1)
Luminous intensity Iv Luminous flux from a point source per cd (sb)

unit solid angle
Mass m Quantity of matter in a body kg (g)
Mole mol Avogadro’s number of units 6.02 ∗ 1023 units
Momentum p Mass times velocity kg m s−1 (g cm s−1)
Power P Rate at which work is done or energy is J s−1≡ W (erg s−1)

converted.
Pressure P Force divided by area N m−2 ≡ Pa

(1 bar = 106 dyne cm−2)
Speed v Distance divided by time m s−1 (cm s−1)
Temperature T A measure of average kinetic energy of K (K)

particles
Time t. τ non-spatial dimension of the Universe s (s)
Velocity v Vector distance divided by time m s−1 (cm s−1)
Weight w Gravitational force attracting a mass; N (dyne)

equal to mg
Work W Dot product of force and distance N m ≡ J (dyne cm ≡ erg)
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F Rotational – Linear Parallels

Table 13: Rotational – Linear Parallels (Rotational - Linear Parallels n.d.)
Linear Motion Rotational Motion

Position x, r θ Angular position
Velocity v ω Angular velocity
Acceleration a α Angular acceleration
Motion equations x = vt θ = ωt Motion equations

v = v0 + at ω = ω0 + αt
x = v0t+ 1

2at
2 θ = ω0t+ 1

2αt
2

v2 = v2
0 + 2ax ω2 = ω2

0 + 2αθ
Mass (linear inertia) m I Moment of inertia
Newton’s second law F = ma τ = Iα Newton’s second law
Momentum p = mv L = Iω Angular momentum
Work Fx τθ Work
Kinetic energy 1

2mv
2 1

2Iω
2 Kinetic energy

Power Fv τω Power
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G Conversions

Table 14: Conversions from cgs to SI (Irwin 2007).

Name cgs unit (abbrev.) Factor SI unit (abbrev.)

Angle radian (rad) 1 radian (rad)
Energy erg (erg) 10−7 joule (J ) (= N m)
Force dyne (dyn) 10−5 newton (N)
Length centimetre (cm) 10−2 metre (m)
Magnetic flux density gauss (G) 10−4 tesla (T)
Mass gram (g) 10−3 kilogram (kg)
Power erg second −1 (erg s−1) 10−7 watt (W) (= J s−1)
Pressure dyne centimetre−2 (dyn cm−2) 0.1 newton metre−2 (N m−2)
Solid angle steradian (sr) 1 steradian (sr)
Temperature kelvin (K) 1 kelvin (K)
Time second (s) 1 second (s)
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H SI Derived Units and Multiples

Table 15: SI Derived Units and Multiples.
Quantity Unit Name Symbol

Electric charge coulomb (C) A s
Electric potential volt (V) J C−1

Energy joule (J) N m
Energy density joule per cubic metre (Pascal) J m−3 (Pa)
Force newton (N) kg m s−2

Frequency hertz (Hz) s−1

Heat capacity joule per kelvin J K−1

Illuminence lux (lx) lm m−2

Luminence candela per square metre cd m−2

Luminous flux lumen (lm) cd sr
Magnetic field strength ampere per metre A m−1

Magnetic flux weber (Wb) V s
Magnetic flux density tesla (T) Wb m−2

Mass density kilogram per cubic metre kg m−3

Permeability henry per metre H m−1

Permittivity farad per metre F m−1

Power watt (W) J s−1

Pressure pascal (Pa) N m−2

Radiance watt per square metre per steradian W m−2 sr−1

Radiant intensity watt per steradian W sr−1

Radiation flux density watt per square metre W m−2
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I Astrophysical Abbreviations

Table 16: Some Common Astrophysical Abbreviations

Abbreviation Term

2dFGRS 2-degree-Field Galaxy Redshift Survey
AID AAVSO International Database
ADC Accretion Disc Corona
AGN Active Galactic Nuclei
AO Adaptive Optics
EA Algol (eclipsing binary)
AAVSO American Association of Variable Star Observers
ADU Analog to Digital Unit
AXP Anomalous X-ray Pulsar
AU Astronomical Unit
AGB Asymptotic Giant Branch
BJD Barycentric Julian Date
BN Becklin-Neugebauer object
EB Beta Lyrae (eclipsing binary)
BSS Blue Straggler Stars
BGC Brightest Cluster Galaxy
BLRG Broad Line Radio Galaxy
BD Brown Dwarf
CAI Calcium and Aluminum-rich Inclusions
CNO cycle Carbon Oxygen Nitrogen cycle
CCO Central Compact Object
CCD Charge Coupled Device
CTE Charge Transfer Efficiency
DCEP classical CEPheid
CMD Colour Magnitude Diagram
ccSNe core collapse Supernovae
CMB Core-Mantel Boundary
CME Coronal Mass Ejection
CBR Cosmic Background Radiation
CMB Cosmic Microwave Background
DN Data Numbers
DIF Decay in Flight
DSCT Delta Scuti
DIM Disk-Instability Model
DM Dispersion Measure
DSR Doubly Special Relativity
DC Dwarf (continuous spectrum)
DB Dwarf (helium lines)

continued on next page
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Table 16: continued

Abbreviation Term

DA Dwarf (hydrogen lines)
E-AGB Early Asymptotic Giant Branch
ETG Early-type Galaxy
EMR Electromagnetic Radiation
e.m.f. Electromotive force (voltage)
EUV Extreme Ultraviolet
FOS Faint Object Spectrograph (on HST)
FR Fanaroff-Riley classification
FIR Far Infrared
FOV Field Of View
FTS Fourier Transform Spectrometer
FWHM Full Width at Half Maximum
GRB Gamma Ray Bursts
GMC Giant Molecular Cloud
GUT Grand Unified Theory
HCO Harvard College Observatory
HJD Heliocentric Julian Date
H-R Diagram Hertzsprung-Russell Diagram
HMXRB High Mass X-Ray Binary
HMXB High Mass X-Ray Binary
HB Horizontal Branch
HST Hubble Space Telescope
IR Infrared
IRAS Infrared Astronomy Satellite
IRTF Infrared Tully-Fisher Method
IMF Initial Mass Function
IFS Integral Field Spectrograph
IFU Integral Field Unit
IGM Interglactic Medium
IP Intermediate Polar
ISM Interstellar Medium
ICM Intracluster Medium
JD Julian Date
KE Kinetic Equilibrium
KBO Kuiper Belt Objects
Lambda CDM Lambda Cold Dark Matter model
LMC Large Magellanic Cloud
LGS Laser Generated Star / Laser Guide Star
LHC Left Hand Circularly Polarized
LCP Liquid Crystal Polymer

continued on next page
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Table 16: continued

Abbreviation Term

LG Local Group
LSR Local Standard of Rest
LTE Local Thermodynamic Equilibrium
LPV Long-Period Variable star
LINERs Low Ionization Nuclear Emission-line Regions
LMXRB Low Mass X-Ray Binary
LBV Luminous Blue Variable
LIRG Luminous Infrared Galaxy
MCVs Magnetic Cataclysmic Variables
MHD Magnetohydrodynamics
MLA Micro Lens Array
MIC Microchannel plate Intensified CCD
MSP Milli-second Pulsar
MSSM Minimally Supersymmetric Standard Model
M Mira (long period variable)
MOND Modified Newtonian Dynamics
MTF Modulation Transfer Function
MCLS Multicolour Light curve Shapes method
NTTS Naked T-Tauri Star
NLRG Narrow Line Radio Galaxy
NEO Near Earth Object
OVV Optically Violently Variable (Blazar)
PCSne Pair Creation Supernovae
PTF Palomar Transient Factory
P-L Relation Period-Luminosity Relation
PDM Phase Dispersion Minimization
PN Planetary Nebula
PSF Point Spread Function
PAHs Polycyclic Aromatic Hydrocarbons
PMS Pre-Main Sequence
PWN Pulsar Wind Nebula
PPI Pulsation Pair-Instability
QCD Quantum Chromodynamics
QE Quantum Efficiency
QED Quantum Electrodynamics
QSO Quasi Stellar Object (radio quiet)
QSR Quasi Stellar Radio loud object
QSS Quasi Stellar radio Sources
QPO Quasi-Periodic Oscillations
RCB R Coronae Borealis
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Table 16: continued

Abbreviation Term

RV Radial Velocity
roAp rapidly oscillating A peculiar stars
RGB Red Giant Branch
RSG Red Supergiant
RHC Right Hand Circularly polarized
RR RR Lyrae
RS CVn RS Canis Venaticorum stars
RV RV Tauri (cepheid)
Sgr A Sagittarius A
STM Scanning Tunneling Microscope
SR Semiregular long period variable
SNC Shergotty, Nakhla, Chassigny meteorite (Martian origin)
SNR Signal to Noise Ratio
SHM Simple Harmonic Motion
SDSS Sloan Digital Sky Survey
SMC Small Magellanic Cloud
SGR Soft Gamma Repeater
SED Spectral Energy Distribution
SAURON Spectrographic Areal Unit for Research on Optical Nebulae
SSM Standard Solar Model
SFR Star Formation Rate
SE Statistical Equilibrium
SMG Sub-millimetre Galaxy
SGB Subgiant Branch
SLSne Superluminous Supernovae
SMBH Supermassive Black Hole
SNR Supernova Remnant
SNe Ia Supernovae Type Ia
SSS Supersoft Sources
SBF Surface Bright Fluctuations
STE Strict Thermodynamic Equilibrium
TTS T-Tauri Star
TP-AGB Thermal Pulse Asymptotic Giant Branch star
TNO Trans Neptunian Objects
TTV Transit Timing Variation
UG U Geminorum
UFD Ultra Faint Dwarf (galaxy)
UCB Ultra-Compact Binary
ULIRG Ultraluminous Infrared Galaxy
UV Ultraviolet

continued on next page
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Table 16: continued

Abbreviation Term

VSL Variable Speed of Light
VHVC Very High Velocity Cloud
VLBI Very Long Baseline Interferometry
VSGs Very Small Grains
EW W Ursae Majoris (eclipsing binary)
CW W Virginis (cepheid)
WR Wolf-Rayet star
XRF X-ray Flash
XRN X-ray Nova
XRT X-ray Telescope
YSO Young Stellar Object
ZAMS Zero Age Main Sequence
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J Standard Solar Model

Table 17: Extract from Standard Solar Model (cgs units)
(Bahcall 2005)

M/Msun R/Rsun T Rho P L/Lsun H mass frac

0.0000004 0.00161 1.55E+07 1.51E+02 2.34E+17 0.00000 0.36462
0.0000295 0.00652 1.55E+07 1.50E+02 2.33E+17 0.00025 0.36572
0.0000853 0.00929 1.55E+07 1.50E+02 2.33E+17 0.00071 0.36698
0.0060672 0.03928 1.50E+07 1.35E+02 2.12E+17 0.04802 0.40646
0.0204738 0.06053 1.44E+07 1.19E+02 1.88E+17 0.14966 0.45528
0.0420738 0.07924 1.38E+07 1.03E+02 1.63E+17 0.27972 0.50418
0.0756512 0.09991 1.30E+07 8.74E+01 1.36E+17 0.44297 0.55722
0.1160074 0.11950 1.22E+07 7.40E+01 1.13E+17 0.59231 0.60162
0.1713899 0.14219 1.13E+07 6.07E+01 8.85E+16 0.73705 0.64294
0.2216831 0.16065 1.06E+07 5.14E+01 7.17E+16 0.82598 0.66831
0.2792836 0.18051 9.92E+06 4.27E+01 5.64E+16 0.89382 0.68821
0.3404223 0.20092 9.25E+06 3.50E+01 4.35E+16 0.93897 0.70217
0.3965818 0.21962 8.67E+06 2.90E+01 3.40E+16 0.96466 0.71072
0.4548617 0.23944 8.11E+06 2.36E+01 2.60E+16 0.98114 0.71667
0.5112573 0.25947 7.59E+06 1.91E+01 1.97E+16 0.99080 0.72041
0.5630804 0.27906 7.13E+06 1.54E+01 1.49E+16 0.99565 0.72286
0.6180912 0.30165 6.65E+06 1.20E+01 1.08E+16 0.99767 0.72524
0.6579483 0.31963 6.30E+06 9.74E+00 8.36E+15 0.99831 0.72671
0.7143700 0.34832 5.79E+06 7.03E+00 5.55E+15 0.99876 0.72839
0.7369210 0.36119 5.58E+06 6.07E+00 4.62E+15 0.99885 0.72896
0.7694895 0.38169 5.27E+06 4.81E+00 3.46E+15 0.99893 0.72974
0.7923886 0.39779 5.05E+06 4.02E+00 2.77E+15 0.99896 0.73029
0.8157702 0.41605 4.81E+06 3.28E+00 2.15E+15 0.99897 0.73085
0.8368505 0.43453 4.58E+06 2.67E+00 1.67E+15 0.99898 0.73138
0.8593145 0.45695 4.33E+06 2.10E+00 1.24E+15 0.99897 0.73197
0.8794806 0.48022 4.08E+06 1.64E+00 9.12E+14 0.99896 0.73257
0.8906237 0.49475 3.94E+06 1.40E+00 7.55E+14 0.99896 0.73294
0.9044442 0.51488 3.75E+06 1.14E+00 5.84E+14 0.99895 0.73345
0.9190165 0.53933 3.53E+06 8.89E-01 4.29E+14 0.99895 0.73405
0.9251896 0.55096 3.43E+06 7.91E-01 3.71E+14 0.99894 0.73434
0.9357262 0.57302 3.25E+06 6.37E-01 2.83E+14 0.99894 0.73489
0.9442076 0.59331 3.08E+06 5.23E-01 2.21E+14 0.99893 0.73538
0.9502052 0.60937 2.96E+06 4.49E-01 1.82E+14 0.99893 0.73573
0.9572902 0.63067 2.80E+06 3.68E-01 1.41E+14 0.99893 0.73609
0.9637526 0.65286 2.63E+06 3.00E-01 1.08E+14 0.99892 0.73651
0.9681283 0.66977 2.50E+06 2.57E-01 8.83E+13 0.99892 0.73775
0.9734353 0.69288 2.32E+06 2.09E-01 6.68E+13 0.99892 0.74312
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Table 17: continued

M/Msun R/Rsun T Rho P L/Lsun H mass frac

0.9770425 0.71062 2.17E+06 1.80E-01 5.38E+13 0.99892 0.74987
0.9811416 0.73322 1.95E+06 1.49E-01 4.06E+13 0.99891 0.75830
0.9854660 0.76035 1.69E+06 1.20E-01 2.83E+13 0.99891 0.75830
0.9881400 0.77946 1.52E+06 1.02E-01 2.16E+13 0.99891 0.75830
0.9909727 0.80256 1.32E+06 8.25E-02 1.51E+13 0.99891 0.75830
0.9919872 0.81183 1.25E+06 7.54E-02 1.30E+13 0.99891 0.75830
0.9943684 0.83663 1.05E+06 5.80E-02 8.40E+12 0.99891 0.75830
0.9961218 0.85911 8.77E+05 4.43E-02 5.37E+12 0.99891 0.75830
0.9971557 0.87530 7.60E+05 3.57E-02 3.74E+12 0.99891 0.75830
0.9980171 0.89167 6.45E+05 2.78E-02 2.47E+12 0.99891 0.75830
0.9991325 0.92113 4.49E+05 1.61E-02 9.87E+11 0.99891 0.75830
0.9995258 0.93714 3.48E+05 1.09E-02 5.14E+11 0.99891 0.75830
0.9999075 0.96510 1.79E+05 3.85E-03 9.21E+10 0.99891 0.75830
0.9999897 0.98308 8.12E+04 9.46E-04 9.70E+09 0.99891 0.75830
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K Evolution of the Universe

Table 18: Evolution of the Universe (Mastin 2009)

Time Epoch Description

0 - 10−43 s Planck Time All four forces were unified. Universe 10−35 metres in size.
Temperature 1032 degrees Kelvin.

10−43 - 10−36 s Grand Unification Gravity decouples. Other three forces remain unified.
Elementary particles and anti-particles begin to be formed.

10−36 - 10−32 s Inflation Strong nuclear force separates and triggers expansion
of Universe by a factor of at least 1026 to about
10 centimetres. A quark-gluon plasma is spread thinly
throughout the Universe.

10−32 s - 10−12 s Electroweak epoch Particle creation, including W, Z, and Higgs bosons.
Radiation dominated Universe can now support mass.

10−12 s - 10−6 s Quark epoch Universe cools to 1015 degrees. All four forces are separate.
Quarks, electrons, neutrinos and their antiparticles form and
annihilate each other, leaving 1 for every billion pairs
(baryogenesis).

10−6 s - 1 s Hadron epoch Universe cools to 109 degrees, allowing quarks to combine
into hadrons. Electrons and protons combine into neutrons,
emitting neutrinos. Some neutrons and neutrinos recombine
into new proton-electron pairs, obeying conservation of energy.

1 s - 3 min. Lepton epoch Most hadrons and anti-hadrons self-annihilate, leaving leptons
and anti-leptons to dominate the mass of the Universe.
Electrons and positrons self-annihilate, releasing photons,
which lead to more electron-positron pairs.

3 min - 20 min Nucleosynthesis Temperature of Universe falls to about 109 degrees. Nuclei
of hydrogen, helium, and lithium form. After about 20 minutes,
the temperature is too low for nucleosynthesis to continue.

20 m - 240,000 yrs Photon epoch Universe is filled with plasma of nuclei and electrons. Cools
gradually as photons interact with plasma particles. Eventually
matter and energy become equally dominant.

240,000 yrs - Recombination Density and temperature fall (3000 K). Ionized hydrogen
300,000 yrs and helium capture electrons. Universe is now transparent

to photons, which can now travel freely from the ”surface
of last scattering”, resulting in the the Cosmic Microwave
Background. The Universe now consists of about 75% hydrogen,
25% helium, and a trace of lithium.

300,000 yrs - Dark Age Starless Universe, dominated by dark matter.
150,000 yrs.
150,000 yrs.- Reionization Gravitational collapses forms the first quasars, whose radiation
1.3 billion yrs leads to reionized plasma.

continued on next page
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Table 18: continued

Time Epoch Description

1.3 - 1.5 Star and galaxy Universe continues to expand, while pockets of gas contract
billion yrs formation into Population III stars (no metals). Dark matter leads

to the formation of galaxies, clusters, and superclusters.
1.5 - 13.8 Modern epoch Populations II and I stars form with the more recent
billion yrs Population I stars, such as the Sun (approx. 4.5 billion

years old), containing significant amounts of metals, as a
result of supernovae.
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